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LOOP COPRODUCT IN MORSE AND FLOER
HOMOLOGY
KAI CIELIEBAK, NANCY HINGSTON, AND ALEXANDRU OANCEA
Abstract. By a well-known theorem first proved by Viterbo, the
Floer homology of the cotangent bundle of a closed manifold is iso-
morphic to the homology of its loop space. We prove that, when
restricted to positive Floer homology resp. loop space homology
relative to the constant loops, this isomorphism intertwines vari-
ous constructions of secondary pair-of-pants coproducts with the
loop homology coproduct. The proof uses compactified moduli
spaces of punctured annuli. We extend this result to reduced Floer
resp. loop homology (essentially homology relative to a point), and
we show that on reduced loop homology the loop product and co-
product satisfy Sullivan’s relation. Along the way, we show that the
Abbondandolo-Schwarz quasi-isomorphism going from the Floer
complex of quadratic Hamiltonians to the Morse complex of the
energy functional can be turned into a filtered chain isomorphism
by using linear Hamiltonians and the square root of the energy
functional.
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1. Introduction
For a closed manifold M there are canonical isomorphisms
(1) H˚pΛ,Λ0; ηq – FH
ą0
˚ pT
˚Mq – SHą0˚ pD
˚Mq – SH1´˚ă0 pS
˚Mq.
Here we use coefficients in any commutative ring R, twisted in the first
group by a suitable local system η which restricts to the orientation lo-
cal system on the space Λ0 Ă Λ of constant loops (see Appendix A). The
groups in the above chain of isomorphisms are as follows: H˚pΛ,Λ0q
denotes the homology of the free loop space Λ “ C8pS1,Mq relative to
Λ0; FH
ą0
˚ pT
˚Mq the positive action part of the Floer homology of a fi-
brewise quadratic Hamiltonian on the cotangent bundle; SHą0˚ pD
˚Mq
the positive symplectic homology of the unit cotangent bundle D˚M ;
and SH1´˚ă0 pS
˚Mq the negative symplectic cohomology of the trivial
Liouville cobordism W “ r1, 2s ˆ S˚M over the unit cotangent bun-
dle S˚M . The first isomorphism is the result of work of many people
starting with Viterbo (see [35, 1, 5, 3, 31, 30, 14, 26, 6]); the second
one is obvious; and the third one is a restriction of the Poincare´ duality
isomorphism from [17].
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Restricting to field coefficients, all the groups in (1) carry natural co-
products of degree 1´ n:
‚ the loop homology coproduct (in the sequel simply called loop coprod-
uct) λ on H˚pΛ,Λ0; ηq defined by Sullivan [32] and further studied
by Goresky and the second author in [22], see also [24];
‚ the (secondary) pair-or-pants coproduct λF on FHą0˚ pT
˚Mq defined
by Abbondandolo and Schwarz [4];
‚ the varying weights coproduct λw on SHą0˚ pD
˚Mq first described
by Seidel and further explored in [21];
‚ the continuation coproduct λcont on SHą0˚ pD
˚Mq described in [16];
‚ the Poincare´ duality coproduct σ_PD on SH
1´˚
ă0 pS
˚Mq dual to the
pair-of-pants product on SHă01´˚pS
˚Mq, described in [13].
The first goal of this paper is to prove that all these coproducts are
equivalent under the isomorphisms in (1).
Remark 1.1. There is a formal algebraic reason why we need to re-
strict to field coefficients when speaking about homology coproducts.
Given a chain complex C “ C˚ and a chain map C Ñ C b C, we ob-
tain a map H˚pCq Ñ H˚pC b Cq. However, the latter factors through
H˚pCq bH˚pCq only if the Ku¨nneth isomorphism H˚pCq b H˚pCq
»
Ñ
H˚pC b Cq holds, which is the case with field coefficients. All our co-
products are defined at chain level with arbitrary coefficients, and we
would not need to restrict to field coefficients if we carried the discus-
sion at chain level.
More generally, let us define reduced loop homology
H˚pΛ; ηq “ H˚ pC˚pΛ; ηq{χC˚pptqq ,
where pt ãÑ M is the inclusion of a basepoint viewed as a constant
loop and χ equals the Euler characteristic of M .
Remark 1.2. A straightforward calculation shows that
H˚pΛ; ηq “ H˚pΛ; ηq{χim pH˚pptq Ñ H˚pΛ; ηqq
whenever the map χH0pptq Ñ H0pΛ; ηq is injective, and in particu-
lar if one of the following conditions holds: (i) M is orientable; (ii)
χ “ 0; (iii) the coefficient ring is 2-torsion. (Note that, in these sit-
uations, H˚pΛ; ηq differs from H˚pΛ; ηq only in degree zero. For M
non-orientable and more general coefficients they may also differ in
degree 1.)
It was observed in [13, Corollary 1.5] that the loop coproduct has a
canonical extension to H˚pΛ; ηq under any of the above conditions.
We prove in this paper that such a canonical extension always exists,
whether or not these conditions hold.
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It is proved in [13], recovering a result of Tamanoi [34], that the loop
product descends to H˚pΛ; ηq{χim pH˚pptq Ñ H˚pΛ; ηqq. In particu-
lar, the loop product descends to H˚pΛ; ηq under any of the above
conditions. We conjecture that the loop product always descends to
H˚pΛ; ηq.
Similarly, all the groups in (1) can be enlarged to suitable reduced
homologies with a chain of isomorphisms
(2) H˚pΛ; ηq – FH˚pT
˚Mq – SH˚pD
˚Mq – SH
1´˚
ď0 pS
˚Mq.
Now we can formulate our main result.
Theorem 1.3. All the coproducts on the groups in (1) have canonical
extensions to the corresponding reduced homologies, and the extended
coproducts are equivalent under the isomorphisms in (2).
In [24] the authors have constructed (for M orientable) an extension
“by zero” of the coproduct λ to the whole of H˚pΛq. That extension
differs in general from the one in Theorem 1.3, even in the case where
M has Euler characteristic zero and thus H˚pΛq “ H˚pΛq. Indeed,
while the extension in [24] has no outputs involving constant loops,
we show in §2.2 that the one in Theorem 1.3 has nontrivial outputs
involving constant loops for the loop space of S3.
Another difference between the two extensions concerns the following
relation between the loop product µ “ ‚ and the homology coproduct
λ on H˚pΛ,Λ0q conjectured for M orientable by Sullivan [32]:
(3) λµ “ p1b µqpλb 1q ` pµb 1qp1b λq.
This relation does not hold for the extension of λ to H˚pΛq in [24]. By
contrast, we prove in §2.4 that (for M orientable or not, and under
the above conditions) Sullivan’s relation holds for the extension of λ to
H˚pΛ; ηq in Theorem 1.3.
Structure of the paper. The paper contains four sections and one
Appendix. These are more or less self-contained, although there are
obvious interconnections.
In §2 we start by giving two descriptions of the homology coproduct,
one topological (§2.1), the other one Morse theoretic (§2.3). We com-
pute in §2.2 the extended loop coproduct on the sphere S3 and see
that it has contributions from the constant loops. This shows that it
differs from the extended coproduct in [24]. Finally, we prove in §2.4
Sullivan’s relation in Morse homology.
In §3 we revisit the isomorphism between symplectic homology of the
cotangent bundle and loop space homology, including the setting of
LOOP COPRODUCT IN MORSE AND FLOER HOMOLOGY 5
reduced homologies. Our main contribution is the following: we show
that the Abbondandolo-Schwarz isomorphism
Ψ : SH˚pD
˚Mq
»
Ñ H˚pΛ; ηq,
which was originally constructed using asymptotically quadratic Hamil-
tonians and as such did not preserve the natural filtrations (at the
source by the non-Hamiltonian action, and at the target by the square
root of the energy), can be made to preserve these filtrations when
implemented for the linear Hamiltonians used in the definition of sym-
plectic homology. As such, Ψ becomes an isomorphism at chain level.
This uses a length vs. action estimate inspired by [14].
In §4 we prove that the isomorphism Ψ intertwines the continuation
coproduct from [16] with the loop coproduct at the level of reduced
homologies. Our proof uses homotopies in certain compactified moduli
spaces of punctured annuli.
In §5 we restrict to positive symplectic homology on the symplectic side,
respectively to loop homology rel constant loops on the topological side.
We relate there a secondary coproduct defined by Abbondandolo and
Schwarz in [4] to the varying weights coproduct and deduce the fact
that it corresponds under the isomorphism Ψ (restricted to the positive
range) to the loop coproduct (§5.3). For completeness, we also give a
direct proof of this last fact in §5.4.
In the Appendix we lead a complete discussion of local systems on
free loop spaces and their behaviour with respect to the loop prod-
uct and coproduct. Local systems are unavoidable in the context of
non-orientable manifolds [27, 6], and also in the context of the corre-
spondence between symplectic homology of T ˚M and loop space ho-
mology of M [26, 6, 5]. On the other hand, they can be useful in
applications [7].
Acknowledgements. The second author is grateful for support over
the years from the Institute for Advanced Study, and in particular
during the academic year 2019-20. The third author was partially
funded by the Agence Nationale de la Recherche, France under the
grants MICROLOCAL ANR-15-CE40-0007 and ENUMGEOM ANR-
18-CE40-0009.
2. Loop coproduct
In this section we present direct topological and Morse theoretic defini-
tions of the homology coproduct on H˚Λ, as well as a Morse theoretic
proof of Sullivan’s relation. Moreover, we compute the coproduct for
the loop space of S3 where it has nontrivial contributions from the con-
stant loops. For simplicity, we assume throughout this section that M
is oriented and we use untwisted coefficients in a commutative ring R;
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the necessary adjustments in the nonorientable case and with twisted
coefficients are explained in Appendix A. We denote
S1 :“ R{Z and Λ :“W 1,2pS1,Mq.
2.1. Topological description of the homology coproduct. In this
subsection we define the homology coproduct λ on reduced singular
homology. It is induced by a densely defined operation
Λ : C˚pΛq Ñ C˚`1´npΛˆ Λq
on singular chains defined as follows. We fix a small vector field v onM
with nondegenerate zeroes such that the only periodic orbits of v with
period ď 1 are its zeroes. (The last property can be arranged, e.g.,
by choosing v gradient-like near its critical points; then the periods of
nonconstant periodic orbits are uniformly bounded from below by a
constant c ą 0, so v{2c has the desired property.) Denote by
ft : M
–
ÝÑ M, t P R
the flow of v, i.e. the solution of the ordinary differential equation
d
dt
ft “ v ˝ ft. It follows that the only fixed points of f “ f1 are the
zeroes of v, each zero p is nondegenerate as a fixed point, and
sign detpTpf ´ idq “ indvppq,
where indvppq is the index of p as a zero of v. The map
f ˆ id : M ÑM ˆM, q ÞÑ
`
fpqq, q
˘
is transverse to the diagonal ∆ ĂM ˆM and
pf ˆ idq´1p∆q “ tq P M | fpqq “ qu “ Fixpfq.
Since for q P Fixpfq the map TqM Ñ TqMˆTqM , w ÞÑ
`
pTqf´idqw, 0
˘
fills up the complement to Tpq,qq∆, the induced orientation on Fixpfq “
pf ˆ idq´1p∆q endows q with the sign indvpqq.
Remark 2.1. Alternatively, we could use the exponential map of some
Riemannian metric to define a map M Ñ M by q ÞÑ expq tvpqq. Al-
though this map differs from ft above, for v sufficiently small it shares
its preceding properties and could be used in place of ft.
For each q PM we denote the induced path from q to fpqq by
πq : r0, 1s ÑM, πqptq :“ ftpqq
and the inverse path by
π´1q : r0, 1s Ñ M, π
´1
q ptq :“ f1´tpqq.
For a path α : r0, 1s Ñ M and λ P r0, 1s we define the restrictions
α|r0,λs, α|rλ,1s : r0, 1s ÑM by
(4) α|r0,λsptq :“ αpλtq, α|rλ,1sptq :“ α
`
λ` p1´ λqt
˘
.
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For paths α, β : r0, 1s Ñ M with αp1q “ βp0q we define their concate-
nation α#β : r0, 1s ÑM by
α#βptq :“
#
αp2tq t ď 1{2,
βp2t´ 1q t ě 1{2.
As in [11] we consider chains a : Ka Ñ Λ, b : Kb Ñ Λ defined on
compact oriented manifolds with corners, and define their product by
aˆ b : Ka ˆKb Ñ Λˆ Λ, px, yq ÞÑ
`
apxq, bpyq
˘
.
Consider now a chain a : Ka Ñ Λ such that the evaluation map
eva : Ka ˆ r0, 1s ÑM ˆM, px, sq ÞÑ
´
f
`
apxqp0q
˘
, apxqpsq
¯
is transverse to the diagonal ∆ ĂM ˆM . Then
Kλpaq :“ ev
´1
a p∆q “ tpx, sq P Ka ˆ r0, 1s | apxqpsq “ f
`
apxqp0q
˘
u
is a compact manifold with corners and we define
λpaq : Kλpaq Ñ Λˆ Λ
by
λpaqpx, sq :“
´
apxq|r0,ss#π
´1
apxqp0q , πapxqp0q#apxq|rs,1s
¯
.
See Figure 1 where α “ apxq. At s “ 0 and s “ 1 the condition in
Kλpaq becomes apxqp0q “ q P Fixpfq, and denoting the constant loop
at q by the same letter we find
λpaqpx, 1q “
`
apxq#q, q
˘
, λpaqpx, 0q “
`
q, q#apxq
˘
.
It follows that
Bλpaq ´ λpBaq “
ÿ
qPFixpfq
indvpqq
´
pa ‚ qq ˆ q ´ q ˆ pq ‚ aq
¯
,
where q is viewed as a 0-chain and the loop products with the constant
loop q are given by
a ‚ q : Ka‚q “ tx P Ka | apxqp0q “ qu Ñ Λ, x ÞÑ apxq#q,
q ‚ a : Kq‚a “ tx P Ka | q “ apxqp0qu Ñ Λ, x ÞÑ q#apxq.
Here the signs indvpqq arise from the discussion before Remark 2.1,
noting that the restriction of eva to s “ 0 or s “ 1 is the composition
of the evaluation Ka Ñ M , x ÞÑ apxqp0q and the map M Ñ M ˆM ,
q ÞÑ
`
fpqq, q
˘
.
Let us now fix a basepoint q0 P M and consider a such that the map
eva,0 : Ka ÑM, x ÞÑ apxqp0q
is transverse to q0. We choose all zeroes of v (i.e. fixed points of f)
so close to q0 that eva,0 is transverse to each q P Fixpfq. Then after
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identifying the domains Kq‚a with Kq0‚a and transferring loops at q to
loops at q0 we have
(5) Bλpaq ´ λpBaq “ χ
´
pa ‚ q0q ˆ q0 ´ q0 ˆ pq0 ‚ aq
¯
,
where χ “
ř
qPFixpfq indvpqq is the Euler characteristic of M . Hence λ
induces a coproduct on the reduced homology H˚Λ, i.e. the homology
of the quotient complex C˚pΛq :“ C˚pΛq{Rχq0.
2.2. Homology coproduct on the loop space of S3. In this sub-
section we use Z-coefficients. Recall from [18] that the degree shifted
homology of the free loop space of S3 is the exterior algebra
H˚`3pΛS
3q – ΛpA,Uq, |A| “ ´3, |U | “ 2,
where the shifted degree |a| is related to the geometric degree by |a| “
deg a´ 3. Here A is the class of a point (of geometric degree 0) and U
is represented by the descending manifold of the Bott family of simple
great circles tangent at their basepoint to a given non-vanishing vector
field on the sphere (of geometric degree 5). Since χpS3q “ 0, the
coproduct λ is defined on H˚`3pΛS
3q and has shifted degree ´5 (and
geometric degree ´2). The unit 1 is represented by the fundamental
chain of all constant loops (of geometric degree 3).
Lemma 2.2. The coproduct on H˚pΛS
3q satisfies
(a) λpAUq “ Ab A,
(b) λpAU2q “ Ab AU ` AU b A,
(c) λpUq “ Ab 1` 1b A.
Proof. (a) We represent AU by the 2-chain a : K2 Ñ ΛS3 of all circles
with fixed initial point q0 and initial direction v0. (K
2 is the 2-disc of all
2-planes in R4 through q0 containing the vector v0, whose boundary is
mapped to q0.) Then apkqp0q “ q0 for all k P K
2. Since the evaluation
map pk, tq ÞÑ apkqptq covers S3 once, there exists a unique pk, tq for
which apkqptq “ fpq0q. Therefore, λpaq is homologous to the 0-cycle
Ab A.
(b) We represent AU2 by the 4-chain a : K4 Ñ ΛS3 of all circles with
fixed initial point q0. (K
4 is a fibre bundle K2 Ñ K4 Ñ S2, where S2 is
the 2-sphere of all initial directions at q0 and K
2 is the 2-disc from (a)
of all circles through q0 in a given initial direction.) Then apkqp0q “ q0
for all k P K4. Recall that fpq0q ‰ q0 is a point close to q0. Let us fix
some initial direction v0 at q0. For every sufficiently large circle (whose
diameter is bigger than the distance from q0 to fpq0q) with initial point
q0 and initial direction v0 there exist precisely two rotations of the
initial direction such that the rotated circles pass through fpq0q. One
of these rotated circles passes though fpq0q near t “ 0 and the other
one near t “ 1. As the circle varies over the 2-chain K2 of all circles
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with initial point q0 and initial direction v0 (and we let fpq0q move to
q0), these two families of rotated circles give rise to cycles representing
the classes A b AU and AU b A, respectively.
(c) Fix two orthogonal non-vanishing vector fields v and w on the sphere
and represent U by the 5-chain a : K5 Ñ ΛS3 of all circles tangent at
their basepoint q P S3 to wpqq. (K5 is a fibre bundle K2 Ñ K5 Ñ S3,
where S3 corresponds to the initial points and K2 is the 2-disc from
(a).) Denote f “ f1 the time-one flow of v and recall that fpqq ‰ q
is a point close to q for all q P S3. Thus for every q P S3 there exists
precisely one circle apxqq tangent to wpqq at its basepoint and passing
through fpqq, and because all the circles constituting the chain a are
simple there is a unique sq such that apxqqpsqq “ fpqq “ fpapxqqp0qq.
Since v is orthogonal to w, each circle apxqq is small and the resulting
cycle λpaq can be deformed in Λˆ Λ to the diagonal ∆ Ă Λ0 ˆ Λ0. In
turn, this is represented in H˚pΛ0qbH˚pΛ0q by rq0sbrΛ0s`rΛ0sbrq0s,
i.e. Ab 1` 1b A. 
Note that Lemma 2.2 is compatible with graded symmetry of λ and
with Sullivan’s relation (3), which in Sweedler’s notation reads
λpa ‚ bq “ a1 b pa2 ‚ bq ` pa ‚ b1q b b2.
In fact, Sullivan’s relation together with the values λp1q “ λpAq “ 0
and λpUq “ Ab 1` 1bA inductively determines all values of λ to be
(compare with [24, Proposition 3.15])
Corollary 2.3. The coproduct on H˚pΛS
3q satisfies for all k ě 0
λpUkq “
ÿ
i,jě0, i`j“k´1
`
AU i b U j ` U i b AU j
˘
,
λpAUkq “
ÿ
i,jě0, i`j“k´1
AU i b AU j .

2.3. Morse theoretic description of the homology coproduct.
In this subsection we describe the homology coproduct in terms of
Morse theory on the loop space. This description will be used to prove
Sullivan’s relation and to relate it to the secondary pair-of-pants co-
product on symplectic homology. The analysis is identical to the one
in [1, 19] and we refer to there for details.
The Morse complex. Consider a smooth Lagrangian L : S1 ˆ
TM Ñ R which outside a compact set has the form Lpt, q, vq “ 1
2
|v|2´
V8pt, qq for a smooth potential V8 : S
1ˆM Ñ R. It induces a smooth
action functional
SL : ΛÑ R, q ÞÑ
ż 1
0
Lpt, q, 9qqdt,
10 KAI CIELIEBAK, NANCY HINGSTON, AND ALEXANDRU OANCEA
which we can assume to be a Morse function whose negative flow with
respect to the W 1,2-gradient ∇SL is Morse–Smale [2]. The latter con-
dition means that for all a, b P CritpSLq the unstable manifold W
´paq
and the stable manifold W`pbq with respect to ´∇SL intersect trans-
versely in a manifold of dimension indpaq´indpbq, where indpaq denotes
the Morse index with respect to SL.
Let pMC˚, Bq be the Morse complex of SL with R-coefficients. It is
graded by the Morse index and the differential is given by
B : MC˚ ÑMC˚´1, a ÞÑ
ÿ
indpbq“indpaq´1
#Mpa; bq b,
where #Mpa; bq denotes the signed count of points in the oriented
0-dimensional manifold
Mpa; bq :“
`
W´paq XW`pbq
˘
{R.
Then B ˝ B “ 0 and its homology MH˚ is isomorphic to the singular
homology H˚Λ. We will assume in addition that near the zero sec-
tion Lpt, q, vq “ 1
2
|v|2 ´ V pqq for a time-independent Morse function
V : M Ñ R such that all nonconstant critical points of SL have action
larger than ´minV . Then the constant critical points define a subcom-
plexMC“0˚ ofMC˚ which agrees with the Morse cochain complex of V
on M , with degrees of q P CritpV q related by indSLpqq “ n ´ indV pqq.
We assume that L|M has a unique minimum qm and denote by χ “
χpMq the Euler characteristic of M . Then Rχqm is a subcomplex of
MC˚ and we define the reduced Morse complex as the quotient complex
MC˚ :“MC˚
L
Rχqm
with reduced Morse homology MH˚.
The loop product. Recall from §2.1 the concatenation α#β of
paths. For a, b, c P CritpSLq set
Mpa, b; cq :“
 
pα, β, γq PW´paq ˆW´pbq ˆW`pcq | γ “ α#β
(
,
which is a transversely cut out manifold of dimension
dimMpa, b; cq “ indpaq ` indpbq ´ indpcq ´ n.
If its dimension equals zero this manifold is compact and defines a map
µ : pMC bMCq˚ ÑMC˚´n, ab b ÞÑ
ÿ
c
#Mpa, b; cq c.
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If the dimension equals 1 it can be compactified to a compact 1-
dimensional manifold with boundary
BMpa, b; cq “
ž
indpa1q“indpaq´1
Mpa; a1q ˆMpa1, b; cq
>
ž
indpb1q“indpbq´1
Mpb; b1q ˆMpa, b1; cq
>
ž
indpc1q“indpcq`1
Mpa, b; c1q ˆMpc1; cq.
corresponding to broken gradient lines. So we have
(6) µpB b id ` idb Bq ´ Bµ “ 0
and µ induces a map on homology
µ : pMH bMHq˚ ÑMH˚´n
which agrees with the loop product under the canonical isomorphism
MH˚ – H˚Λ. By [13] (see also [34]), the loop product descends to
reduced homology
µ : pMH bMHq˚ Ñ MH˚´n.
The homology coproduct. As in §2.1, we fix a small vector field
v on M with transverse zeroes such that f “ f1 has nondegenerate
fixed points, where ft : M Ñ M , t P R is the flow of v. Recall the
definition of the path πqptq :“ ftpqq from q PM to fpqq and its inverse
path π´1q , as well as the restriction and concatenation of paths. Now
for a, b, c P CritpSLq we set
M1pa; b, cq :“
 
pτ, α, β, γq P r0, 1s ˆW´paq ˆW`pbq ˆW`pcq |
β “ ατ1, γ “ α
τ
2
(
with
ατ1ptq :“ α|r0,τ s#π
´1
αp0q “
#
αp2τtq t ď 1{2,
f2´2t
`
αp0q
˘
t ě 1{2,
ατ2ptq :“ παp0q#α|rτ,1s “
#
f2t
`
αp0q
˘
t ď 1{2,
α
`
2τ ´ 1` p2´ 2τqt
˘
t ě 1{2.
See Figure 1.
Note that the matching conditions imply αpτq “ f ˝ αp0q. Since
f ˆ id : M Ñ M ˆM is transverse to the diagonal, this is a codi-
mension n condition andM1pa; b, cq is a transversely cut out manifold
of dimension
dimM1pa; b, cq “ indpaq ´ indpbq ´ indpcq ` 1´ n.
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α
αpi´1
pi
γ
β
τ
1
2
1
2
π
β
π´1
αp0q
αpτq “ fpαp0qq
γ
Figure 1. Matching conditions for the definition of the
homology coproduct via Morse chains.
If its dimension equals zero this manifold is compact and defines a map
λ :MC˚ Ñ pMC bMCq˚`1´n, a ÞÑ
ÿ
b,c
#M1pa; b, cq bb c.
If the dimension equals 1 it can be compactified to a compact 1-
dimensional manifold with boundary
BM1pa; b, cq “
ž
indpa1q“indpaq´1
Mpa; a1q ˆM1pa1; b, cq
>
ž
indpb1q“indpbq`1
M1pa; b1, cq ˆMpb1; bq
>
ž
indpc1q“indpcq`1
M1pa; b, c1q ˆMpc1; cq
>M1τ“1pa; b, cq >M
1
τ“0pa; b, cq.
Here the first three terms correspond to broken gradient lines and the
last two terms to the intersection of M1pa; b, cq with the sets tτ “ 1u
and tτ “ 0u, respectively. So we have
(7) pB b id` idb Bqλ` λB “ λ1 ´ λ0,
where for i “ 0, 1 we set
λi :MC˚ Ñ pMC bMCq˚´n, a ÞÑ
ÿ
b,c
#M1τ“ipa; b, cq bb c.
Let us look more closely at the map λ1. For τ “ 1 the matching
conditions in M1pa; b, cq imply that αp0q “ q is a fixed point of f and
γ “ q is the constant loop at q. Assuming that L|M has a unique
minimum qm and the fixed points of f are in general position with
respect to the stable and unstable manifolds of L|M , the condition
q P W`pcq is only satisfied for c “ qm. Thus M
1
τ“1pa; b, cq is empty if
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c ‰ qm and
M1τ“1pa; b, qmq –
ž
qPFixpfq
 
pα, βq PW´paq ˆW`pbq | β “ α#q
(
.
Choosing all fixed points of f closely together, we can achieve that the
terms on the right hand side corresponding to different q P Fixpfq are in
canonical bijection to each other. By the discussion before Remark 2.1,
the terms corresponding to a fixed point q come with the sign indvpqq, so
the signed count #M1τ“1pa; b, qmq is divisible by the Euler characteristic
χ. A similar discussion applies to λ0, so we have shown that
λ1paq “
ÿ
indpbq“indpaq´n
#M1τ“1pa; b, qmq bb qm PMC˚´n b χqm,
λ0paq “
ÿ
indpcq“indpaq´n
#M1τ“0pa; qm, cq qm b c P χqm bMC˚´n.
Equation (7) and the preceding discussion show that λ descends to a
chain map on the reduced Morse complex MC˚ and thus induces a
coproduct on reduced Morse homology
λ : MH˚ Ñ pMH bMHq˚`1´n.
It is clear from the construction that λ corresponds under the isomor-
phism MH˚ – H˚Λ to the homology coproduct on singular homology
defined in §2.1.
Remark 2.4. The above description ofM1τ“1pa; b, qmq andM
1
τ“0pa; qm, cq
implies that λ1, λ0 : MC˚ Ñ pMCbMCq˚´n are chain maps. By equa-
tion (7) they are chain homotopic, hence they induce the same primary
coproduct
rλ0s “ rλ1s : MH˚ Ñ pMH bMHq˚´n
and the preceding discussion recovers [4, Lemma 5.1].
Remark 2.5. Alternatively, we could define the homology coproduct
using the spacesĂM1pa; b, cq :“  pτ, α, β, γq P r0, 1s ˆW´paq ˆW`pbq ˆW`pcq |
βptq “ f´1t ˝ αpτtq, γptq “ f
´1
1´t ˝ αpτ ` p1´ τqtq
(
.
Again the matching conditions imply αpτq “ f ˝αp0q, and ĂM1pa; b, cq is
a transversely cut out manifold of dimension indpaq´ indpbq´ indpcq`
1´ n whose rigid counts define a maprλ :MC˚ Ñ pMC bMCq˚`1´n, a ÞÑÿ
b,c
#ĂM1pa; b, cq bb c.
A discussion analogous to that for λ shows that rλ descends to a chain
map on the reduced Morse complexMC˚ and thus induces a coproduct
on reduced Morse homologyrλ : MH˚ Ñ pMH bMHq˚`1´n.
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The obvious homotopies between the loops ατ1 and α
τ
2 in the definition
of λ and the loops t ÞÑ ft ˝ αpτtq and t ÞÑ f
´1
1´t ˝ αpτ ` p1 ´ τqtq
in the definition of rλ provides a chain homotopy between λ and rλ
on the reduced Morse complex, so rλ agrees with λ on reduced Morse
homology. The proof of Sullivan’s relation in the following subsection
will work more naturally for λ. We use the restriction of the map rλ to
Morse chains modulo constants for the proof of Proposition 5.5. The
map rλ could be useful for establishing the isomorphism to the pair-of-
pants coproduct on reduced Floer homology by extending the chain of
isomorphisms in §5 from positive to reduced symplectic homology. In
this paper we prove this isomorphism in §4 by a different method, see
also Remark 5.1.
2.4. Proof of Sullivan’s relation. In this subsection we give a Morse
theoretic proof of Sullivan’s relation (3). (In [13] we gave a symplectic
proof in dimension n ě 3.) The same arguments would also give a proof
in term of singular homology, but the Morse theoretic approach has
the advantage that it allows for a clean chain-level statement. Indeed,
Sullivan’s relation on reduced homology is an immediate consequence
of
Proposition 2.6 (Sullivan’s relation on chain level). There exists a
linear map Γ : pMCbMCq˚ Ñ pMCbMCq˚`2´2n whose commutator
with the boundary operator satisfies the following relation on the reduced
Morse complex MC˚:
(8) rB,Γs “ λµ´ p1b µqpλb 1q ´ pµb 1qp1b λq.
Proof. For a, b, c, d P CritpSLq we set
M2pa, b; c, dq :“
 
pσ, τ, α, β, γ, δq P Rˆ r0, 1s ˆW´paq ˆW´pbq
ˆW`pcq ˆW`pdq | p˚q
(
with matching conditions p˚q that we will now describe for the various
ranges of the parameters pσ, τq. We denote the flow of ´∇SL by
φs : ΛÑ Λ, s ě 0.
Region I: pσ, τq P r1,8q ˆ r0, 1s. Here the matching conditions are
γ “ ετ1, δ “ ε
τ
2, ε “ φσ´1pα#βq,
which imply αp0q “ βp0q and εpτq “ f
`
εp0q
˘
. See Figure 2.
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β
pi´1
pi
δ
γ
τ
1
2
1
2
ε φσ´1
1
2
α
Figure 2. Matching conditions in Region I.
Let us discuss the boundary terms. At σ “ 1 the matching conditions
spell out for τ ď 1{2 as
γptq “
#
αp4τtq t ď 1{2,
f2´2t
`
αp0q
˘
t ě 1{2,
δptq “
$’&’%
f2t
`
αp0q
˘
t ď 1{2,
α
`
τ1ptq
˘
1{2 ď t ď ν1,
β
`
η1ptq
˘
t ě ν1,
with the canonical nondecreasing linear surjections
τ1 : r1{2, ν1s Ñ r2τ, 1s, η1 : rν1, 1s Ñ r0, 1s, ν1 “
3´ 4τ
4´ 4τ
.
The expressions for τ ě 1{2 are similar and will be omitted. As σ Ñ8
the cylinder of length σ ´ 1 splits along some e P CritpSLq and we findž
indpeq“indpaq`indpbq´n
Mpa, b; eq ˆM1pe; c, dq.
At τ “ 0 we must have γ ” q P Fixpfq, so c “ qm. At τ “ 1 we must
have δ ” q P Fixpfq, so d “ qm.
Region II: pσ, τq P p´8, 0s ˆ r0, 1{2s. Here the matching conditions
are
γ “ α2τ1 , δ “ ε#β, ε “ φ´σpα
2τ
2 q,
which imply αp2τq “ f
`
αp0q
˘
and εp0q “ βp0q. See Figure 3.
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αpi´1
pi
γ
2τ
1
2
1
2
φ´σ
δ
1
2
β
ε
Figure 3. Matching conditions in Region II.
Let us discuss the boundary terms. At σ “ 0 the matching conditions
spell out as
γptq “
#
αp4τtq t ď 1{2,
f2´2t
`
αp0q
˘
t ě 1{2,
δptq “
$’&’%
f4t
`
αp0q
˘
t ď 1{4,
α
`
τ0ptq
˘
1{4 ď t ď 1{2,
β
`
η0ptq
˘
t ě 1{2,
with the canonical nondecreasing linear surjections
τ0 : r1{4, 1{2s Ñ r2τ, 1s, η0 : r1{2, 1s Ñ r0, 1s.
As σ Ñ ´8 the cylinder of length ´σ splits along some e P CritpSLq
and we find ž
indpeq“indpaq´indpcq`1´n
M1pa; c, eq ˆMpe, b; dq.
At τ “ 0 we must have γ ” q P Fixpfq, so c “ qm.
At τ “ 1{2 we must have αp0q “ q P Fixpfq and (denoting the constant
loop at q by the same letter) the matching conditions become
γ “ α#q, δ “ φ´σpqq#β.
Region III: pσ, τq P p´8, 0sˆr1{2, 1s. Here the matching conditions
are
γ “ α#ε, δ “ β2τ´12 , ε “ φ´σpβ
2τ´1
1 q,
which imply αp0q “ εp0q and βp2τ ´ 1q “ f
`
βp0q
˘
. Let us discuss the
boundary terms. At σ “ 0 the matching conditions can be spelled out
similarly to those in region II and we omit the formulas.
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As σ Ñ ´8 the cylinder of length ´σ splits along some e P CritpSLq
and we find ž
indpeq“indpbq´indpdq`1´n
M1pb; e, dq ˆMpa, e; cq.
At τ “ 0 we must have γ ” q P Fixpfq, so c “ qm.
At τ “ 1{2 we must have βp0q “ q P Fixpfq and the matching condi-
tions become
γ “ α#φ´σpqq, δ “ q#β.
Region IV: pσ, τq P r0, 1s ˆ r0, 1{2s. Here the matching conditions
are
γptq “
#
αp4τtq t ď 1{2,
f2´2t
`
αp0q
˘
t ě 1{2,
δptq “
$’&’%
ft{µ
`
αp0q
˘
t ď µ,
α
`
ξptq
˘
µ ď t ď ν,
β
`
ηptq
˘
t ě ν,
which imply αp0q “ βp0q and αp2τq “ f
`
αp0q
˘
. See Figure 4.
µ
1
2
pi´1
1
2
β
α
ν
pi
δ
γ
2τ
τ
Figure 4. Matching conditions in Region IV.
Here
ξ : rµ, νs Ñ r2τ, 1s, η : rν, 1s Ñ r0, 1s
are the canonical nondecreasing linear surjections, where ξ, η, µ, ν de-
pend on the parameters pσ, τq. We will either suppress the parameter
dependence in the notation or indicate by ξσ etc. the dependence on
σ P r0, 1s. With this notation, we set
µσ “ p1´ σq
1
4
` σ
1
2
, νσ “ p1´ σq
1
2
` σ
3´ 4τ
4´ 4τ
.
Let us discuss the boundary terms. At σ “ 1 we have µ1 “ 1{2, so the
matching conditions agree with those for region I at σ “ 1, τ P r0, 1{2s.
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1
4
pi´1
pi
γ
2τ
1
2
1
2
α
δ
1
2
β
Figure 5. Boundary term at σ “ 0 in Region IV.
At σ “ 0 we have µ0 “ 1{4 and ν0 “ 1{2, so the matching conditions
agree with those for region II at σ “ 0. See Figure 5.
At τ “ 0 we must have αp0q “ q P Fixpfq, so γ “ q is the constant
loop at q and c “ qm.
At τ “ 1{2 we must have αp0q “ βp0q “ q P Fixpfq, which implies that
ν “ 1{2 and ξptq ” 1 and therefore
γ “ α#q, δ “ q#β, q P Fixpfq.
Region V: pσ, τq P r0, 1s ˆ r1{2, 1s. Here the discussion is entirely
analogous to that of region IV, so we will not spell out all the formulas
but just discuss the boundary terms.
At σ “ 1 the matching conditions agree with those for region I at
σ “ 1, τ P r1{2, 1s, while at σ “ 0 they agree with those for region III
at σ “ 0.
At τ “ 1 we must have βp0q “ q P Fixpfq, so δ “ q is the constant
loop at q and d “ qm.
At τ “ 1{2 the matching conditions agree with those of region IV at
τ “ 1{2.
This concludes the definition ofM2pa, b; c, dq. For generic choices it is
a transversely cut out manifold of dimension
dimM2pa, b; c, dq “ indpaq ` indpbq ´ indpcq ´ indpdq ` 2´ 2n.
If the dimension equals zero its signed counts define a linear map
Γ : pMCbMCq˚ Ñ pMCbMCq˚`2´2n, abb ÞÑ
ÿ
c,d
#M2pa, b; c, dq cbd.
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Claim. If M2pa, b; c, dq has dimension 1 it can be compactified to a
compact 1-dimensional manifold with boundary
BM2pa, b; c, dq “
ž
indpa1q“indpaq´1
Mpa; a1q ˆM2pa1, b; c, dq
>
ž
indpb1q“indpbq´1
Mpb; b1q ˆM2pa, b1; c, dq
>
ž
indpc1q“indpcq`1
M2pa, b; c1, dq ˆMpc1, cq
>
ž
indpd1q“indpdq`1
M2pa, b; c, d1q ˆMpd1, dq
>
ž
indpeq“indpaq`indpbq´n
Mpa, b; eq ˆM1pe; c, dq
>
ž
indpeq“indpaq´indpcq`1´n
M1pa; c, eq ˆMpe, b; dq
>
ž
indpeq“indpbq´indpdq`1´n
M1pb; e, dq ˆMpa, e; cq
>M2τ“1pa, b; c, dq >M
2
τ“0pa, b; c, dq.
Here the first four lines correspond to splitting off of Morse gradient
lines, the 5th one to σ Ñ 8 in region I, the 6th one to σ Ñ ´8 in
region II, the 7th one to σ Ñ ´8 in region III, and the last one to
the intersection of M2pa, b; c, dq with the sets tτ “ 1u and tτ “ 0u,
respectively. It remains to show that all other boundary components
of M2pa, b; c, dq cancel in pairs.
By the discussion above region I matches regions IV and V along the
set tσ “ 1u, and regions II and III match regions IV and V along
the set tσ “ 0u, so the corresponding boundary terms are equal with
opposite orientations and thus cancel out. Similarly, regions IV and V
match along the set tτ “ 1{2u, so the corresponding boundary terms
cancel out.
The intersections of regions II and III with the set tτ “ 1{2u differ by
switching the roles of q and φ´σpqq. To show that they cancel out, we
consider for a, c P CritpSLq the set
N pa; cq :“ tpα, γ, qq PW´paq ˆW`pcq ˆM | γ “ α#qu,
where q denotes the constant loop at q and the matching condition
implies αp0q “ q. For generic choices this is a manifold of dimension
dimN pa; cq “ indpaq ´ indpcq.
We can choose the minimum qm P M of L|M to be a regular value of
the projection
P : N pa; cq ÑM, pα, γ, qq ÞÑ q.
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Then there exists an open neighbourhood U Ă M of q0 such that the
restriction P : P´1pUq Ñ U is a submersion, so all fibres
N pa; c; qq :“ P´1pqq “ tpα, γq PW´paq ˆW`pcq | γ “ α#qu
with q P U are diffeomorphic (canonically up to isotopy). In this
notation the matching conditions for region II at tτ “ 1{2u are
pα, γq P N pa; c; qq, pβ, δq P N
`
b; d;φ´σpqq
˘
for some q P Fixpfq, while those for region III at tτ “ 1{2u are
pα, γq P N
`
pa; c;φ´σpqq
˘
, pβ, δq P N pb; d; qq.
We can choose the set U to be invariant under the negative gradient
flow of L|M . Moreover, we can choose the vector field v such that all
its zeroes are contained in U , so Fixpfq Ă U . Then φ´σpqq P U for
q P Fixpfq and all σ ď 0, so by the preceding discussion N pa; c; qq
is diffeomorphic to N
`
pa; c;φ´σpqq
˘
and N pb; d; qq is diffeomorphic to
N
`
b; d;φ´σpqq
˘
(canonically up to isotopy). This shows that the inter-
sections of regions II and III with the set tτ “ 1{2u are diffeomorphic
with opposite orientations and thus cancel out. This concludes the
proof of the claim.
Now recall from the discussion above that for the spacesM2τ“1pa, b; c, dq
and M2τ“0pa, b; c, dq in the last line, in each region at least one of the
outputs c, d equals the minimum qm and the signed counts of elements
in the relevant moduli spaces involve multiples of χqm. Therefore, their
contributions vanish on the reduced Morse complex. Hence the alge-
braic counts of the boundary strata in BM2pa, b; c, dq yield equation (8)
on MC˚ applied to ab b and projected onto cb d, where the first four
lines give rB,Γs and lines 5–7 give the three terms on the right hand
side. This concludes the proof of Proposition 2.6. 
3. Isomorphism between symplectic homology and loop
homology
As before, M is a closed oriented manifold, T ˚M its cotangent bundle
with its Liouville form λ “ p dq, and D˚M Ă T ˚M its unit disc cotan-
gent bundle viewed as a Liouville domain. The symplectic homology
SH˚pD
˚Mq is isomorphic to the Floer homology FH˚pHq of a fibre-
wise quadratic Hamiltonian H : S1 ˆ T ˚M Ñ R. On the other hand,
FH˚pHq is isomorphic to the loop homology H˚pΛ; σq (Viterbo [35],
Abbondandolo-Schwarz [1, 5], Salamon-Weber [31], Abouzaid [6]). Here
we use coefficients twisted by the local system σ defined by transgress-
ing the second Stiefel-Whitney class, cf. Appendix A. We drop the
local system σ from the notation in the rest of this section.
The construction most relevant for our purposes is the chain map
Ψ : FC˚pHq ÑMC˚pSq
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from the Floer complex of a Hamiltonian H : S1 ˆ T ˚M Ñ R to the
Morse complex of an action functional S : Λ Ñ R on the loop space
defined in [4]. When applied to a fibrewise quadratic Hamiltonian H
and the action functional SL associated to its Legendre transform L, it
induces an isomorphism on homology
Ψ˚ : SH˚pD
˚Mq – FH˚pHq Ñ MH˚pSLq – H˚Λ
intertwining the pair-of-pants product with the loop product [4]. We
will prove in the next section that Ψ˚ descends to reduced homology
and intertwines there the continuation-map coproduct with the loop
coproduct.
One annoying feature of the map Ψ has been that, in contrast to its
chain homotopy inverse Φ : MC˚pSLq Ñ FC˚pHq, it does not preserve
the action filtrations. This would make it unsuitable for some of our
applications in [13] such as those concerned with critical values. Using
an estimate inspired by [14] we show in this section that Ψ does preserve
suitable action filtrations when applied to fibrewise linear Hamiltonians
rather than fibrewise quadratic ones.
3.1. Floer homology. Consider a smooth time-periodic Hamiltonian
H : S1 ˆ T ˚M Ñ R which outside a compact set is either fibrewise
quadratic, or linear with slope not in the action spectrum. It induces
a smooth Hamiltonian action functional
AH : C
8pS1, T ˚Mq Ñ R, x ÞÑ
ż 1
0
`
x˚λ´Hpt, xqdt
˘
.
Its critical points are 1-periodic orbits x, which we can assume to be
nondegenerate with Conley–Zehnder index CZpxq. Let J be a compati-
ble almost complex structure on T ˚M and denote the Cauchy–Riemann
operator with Hamiltonian perturbation on u : Rˆ S1 Ñ T ˚M by
BHu :“ Bsu` Jpuq
`
Btu´XHpt, uq
˘
.
Let FC˚pHq be the free R-module generated by CritpAHq and graded
by the Conley–Zehnder index. The Floer differential is given by
BF : FC˚pHq Ñ FC˚´1pHq, x ÞÑ
ÿ
CZpyq“CZpxq´1
#Mpx; yq y,
where #Mpx; yq denotes the signed count of points in the oriented
0-dimensional manifold
Mpx; yq :“ tu : RˆS1 Ñ T ˚M | BHu “ 0, up`8q “ x, up´8q “ yu{R.
Then BF ˝ BF “ 0 and its homology FH˚pHq is isomorphic to the
symplectic homology SH˚pT
˚Mq if H is quadratic. If H is linear, we
obtain an isomorphism to SH˚pT
˚Mq in the direct limit as the slope
goes to infinity.
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3.2. The isomorphism Φ. Suppose now that H is fibrewise convex
with fibrewise Legendre transform L : S1 ˆ TM Ñ R. As in §2.3 we
consider the Morse complex pMC˚, Bq of the action functional
SL : ΛÑ R, SLpqq “
ż 1
0
Lpt, q, 9qqdt.
Following [1], for a P CritpSLq and x P CritpAHq we consider the space
Mpa; xq :“ tu : p´8, 0s ˆ S1 Ñ T ˚M |BHpuq “ 0, up´8q “ x,
π ˝ up0, ¨q P W´paqu,
where W´paq denotes the stable manifold for the gradient flow of SL
and π : T ˚M Ñ M is the projection. (It is sometimes useful to view
W´paq as the unstable manifold for the negative gradient flow of SL.)
For generic H this is a manifold of dimension
dimMpa; xq “ indpaq ´ CZpxq.
The signed count of 0-dimensional spacesMpa; xq defines a chain map
(9) Φ :MC˚pSLq Ñ FC˚pHq, a ÞÑ
ÿ
CZpxq“indpaq
#Mpa; xq x.
It was shown in [1] that the induced map on homology is an isomor-
phism
Φ˚ :MH˚pSLq
–
ÝÑ FH˚pHq.
For u PMpa; xq consider the loop pq, pq “ up0, ¨q : S1 Ñ T ˚M at s “ 0.
The definition of the Legendre transform yields the estimate
AHpq, pq “
ż 1
0
´
xp, 9qy ´Hpt, q, pq
¯
dt ď
ż 1
0
Lpt, q, 9qqdt “ SLpqq.
It follows that
AHpxq ď AH
`
up0, ¨q
˘
ď SLpqq ď SLpaq
whenever Mpa; xq is nonempty, so Φ decreases action.
3.3. The isomorphism Ψ. Consider once again a fibrewise quadratic
Hamiltonian H : S1 ˆ T ˚M Ñ R as in §3.2 with Legendre transform
L. Following [4, 14], for x P CritpAHq and a P CritpSLq we define
Mpxq :“ tu : r0,8q ˆ S1 Ñ T ˚M | BHu “ 0, up`8, ¨q “ x, up0, ¨q ĂMu
and
Mpx; aq :“ tu PMpxq | up0, ¨q PW`paqu,
where W`paq is the stable manifold of a for the negative gradient flow
of SL, see Figure 6.
For generic H these are manifolds of dimensions
dimMpxq “ CZpxq, dimMpx; aq “ CZpxq ´ indpaq.
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x
Ma
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Figure 6. Moduli spaces for the map Ψ.
The signed count of 0-dimensional spacesMpx; aq defines a chain map
Ψ : FC˚pHq ÑMC˚pSLq, x ÞÑ
ÿ
indpaq“CZpxq
#Mpx; aq a.
The induced map on homology is an isomorphism
Ψ˚ “ Φ
´1
˚ : FH˚pHq
–
ÝÑMH˚pSLq – H˚Λ,
which is the inverse of Φ˚ and intertwines the pair-of-pants prod-
uct with the loop product. This was shown by Abbondandolo and
Schwarz [4] with Z{2-coefficients, and by Abouzaid [6] (following work
of Kragh [26], see also Abbondandolo-Schwarz [5]) with general coef-
ficients, twisted on H˚Λ by a suitable local system, see Appendix A.
Moreover, Abouzaid proved that Ψ˚ is an isomorphism of twisted BV
algebras.
Unfortunately, the map Ψ does not preserve the action filtrations. This
already happens for a classical Hamiltonian Hpq, pq “ 1
2
|p|2`V pqq: For
u PMpx; aq the loop q “ up0, ¨q : S1 ÑM satisfies
AHpxq ě AH
`
up0, ¨q
˘
“ ´
ż 1
0
V pqqdt
ď
ż 1
0
´1
2
| 9q|2 ´ V pqq
¯
dt “ SLpqq ě SLpaq,
so the middle inequality goes in the wrong direction (even if V “ 0).
3.4. An action estimate for Floer half-cylinders. Now we will
replace the quadratic Hamiltonians from the previous subsections by
Hamiltonians of the shape used in the definition of symplectic homol-
ogy. For Floer half-cylinders of such Hamiltonians, we will estimate the
length of their boundary loop on the zero section by the Hamiltonian
action at `8.
We equip M with a Riemannian metric and choose the following data.
The Riemannian metric on M induces a canonical almost complex
structure Jst on T
˚M compatible with the symplectic form ωst “ dp^dq
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(Nagano [28], Tachibana-Okumura [33], see also [9, Ch. 9]). In geodesic
normal coordinates qi at a point q and dual coordinates pi it is given
by
Jst :
B
Bqi
ÞÑ ´
B
Bpi
,
B
Bpi
ÞÑ
B
Bqi
.
We pick a nondecreasing smooth function ρ : r0,8q Ñ p0,8q with
ρprq ” 1 near r “ 0 and ρprq “ r for large r. Then
J :
B
Bqi
ÞÑ ´ρp|p|q
B
Bpi
, ρp|p|q
B
Bpi
ÞÑ
B
Bqi
(in geodesic normal coordinates) defines a compatible almost complex
structure on T ˚M which agrees with Jst near the zero section and is
cylindrical outside the unit cotangent bundle.
We view rpq, pq “ |p| as a function on T ˚M . Then on T ˚MzM we have
λ “ rα, α :“
p dq
|p|
.
Consider a Hamiltonian of the form H “ h ˝ r : T ˚M Ñ R for a
smooth function h : r0,8q Ñ r0,8q vanishing near r “ 0. Then its
Hamiltonian vector field equals XH “ h
1prqR, where R is the Reeb
vector field of pS˚M,αq. The symplectic and Hamiltonian actions of a
nonconstant 1-periodic Hamiltonian orbit x : S1 Ñ T ˚M are given byż
x
α “ h1prq, AHpxq “ rh
1prq ´ hprq.
Given a slope µ ą 0 which is not in the action spectrum of pS˚M,αq
and any ε ą 0, we can pick h with the following properties:
‚ hprq ” 0 for r ď 1 and h1prq ” µ for r ě 1` δ, with some δ ą 0;
‚ h2prq ą 0 and rh1prq ´ hprq ´ ε ď h1prq ď rh1prq ´ hprq for r P
p1, 1` δq.
Specifically, we choose 0 ă δ ď ε{µ, we consider a smooth function
β : r0,8q Ñ r0, 1s such that β “ 0 on r0, 1s, β “ 1 on r1` δ,8q and β
is strictly increasing on p1, 1` δq, and we define h : r0,8q Ñ r0,8q by
hprq “ µ
ż r
1
βpρq dρ.
We have rh1 ´ h ´ h1 “ µ
`
pr ´ 1qβ ´
şr
1
β
˘
. This expression differ-
entiates to µpr ´ 1qβ 1 ě 0 and vanishes on r0, 1s, hence it is non-
negative for r ě 0. On the other hand, we have an upper bound
µ
`
pr ´ 1qβ ´
şr
1
β
˘
ď µδ for r P p1, 1` δq, and indeed for r ě 0. Given
our choice δ ď ε{µ, this establishes the inequalities rh1prq´ hprq ´ ε ď
h1prq ď rh1prq ´ hprq for all r ě 0.
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These inequalities imply that for each nonconstant 1-periodic Hamil-
tonian orbit x we have
(10) AHpxq ´ ε ď
ż
x
α ď AHpxq.
With this choice of J and H , consider now as in the previous subsection
a map u : r0,8q ˆ S1 Ñ T ˚M satisfying
BHu “ 0, up`8, ¨q “ x, up0, ¨q ĂM.
Set qptq :“ up0, tq and denote its length by
ℓpqq :“
ż 1
0
| 9q|dt.
The following proposition is a special case of [14, Lemma 7.2]. Since
the proof was only sketched there, we give a detailed proof below.
Proposition 3.1. Let H, J, u be as above with q “ up0, ¨q and a non-
constant orbit x “ up`8, ¨q. Then
ℓpqq ď
ż
x
α ď AHpxq.
The first inequality is an equality if and only if u is contained in the
half-cylinder over a closed geodesic q, in particular x is the lift of the
geodesic q.
The idea of the proof is to show that
0 ď
ż
p0,8qˆS1
u˚dα “
ż
x
α ´ ℓpqq.
Since the image u
`
p0,8q ˆ S1
˘
can hit the zero section M where α
is undefined, the quantity
ş
p0,8qˆS1
u˚dα has to be interpreted as an
improper integral as follows. Given ε ą 0, let τ “ τε : r0,8q Ñ r0,8q
be a smooth function with τ 1prq ě 0 for all r, τprq “ 0 near r “ 0, and
τprq “ 1 for r ě ε, and consider the globally defined 1-form on T ˚M
given by
αε :“
τp|p|qp dq
|p|
.
We now define
(11)
ż
p0,8qˆS1
u˚dα “ lim
σŒ0
lim
εŒ0
ż
rσ,8qˆS1
u˚dαε.
The proof of Proposition 3.1 is based on the following lemma.
Lemma 3.2. For any v P Tpq,pqT
˚Q, we have
dαεpv, Jvq ě 0.
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At points where τ 1p|p|q ą 0, equality only holds for v “ 0, whereas at
points where τ 1 “ 0 and τ ‰ 0 equality holds if and only if v is a linear
combination of pBp and pBq.
Proof. In geodesic normal coordinates we compute
dαε “ d
˜ÿ
i
τp|p|qpidqi
|p|
¸
“
ÿ
i
τp|p|qdpi ^ dqi
|p|
`
ÿ
i,j
pτ 1p|p|q|p| ´ τp|p|qqpipjdpi ^ dqj
|p|3
.
For a vector of the form v “
ř
i aiρp|p|qBpi we obtain Jρv “
ř
i aiBqi
and hence by the Cauchy-Schwarz inequality
dαεpv, Jvq “
ÿ
i
τp|p|qρp|p|qa2i
|p|
`
ÿ
i,j
pτ 1p|p|q|p| ´ τp|p|qqρp|p|qpipjaiaj
|p|3
“
τp|p|qρp|p|q
|p|3
p|a|2|p|2 ´ xa, py2q `
τ 1p|p|qρp|p|q
|p|2
xa, py2
ě 0.
At points where τ 1 ą 0, equality only holds for a “ 0, and at points
where τ 1 “ 0 and τ ą 0 equality holds iff a is a multiple of p. Similarly,
for a general vector v “
ř
i aiρp|p|qBpi ´
ř
i biBqi we get dαεpv, Jvq ě 0,
with equality iff either a “ b “ 0 or τ 1 “ 0 and both a and b are
multiples of p. 
Proof of Proposition 3.1. The proof consists in 3 steps.
Step 1. We prove that
ş
p0,8qˆS1
u˚dα ě 0.
In view of Definition (11), it is enough to show that u˚dαε ě 0 on
all of p0,8q ˆ S1. To see this, recall that u satisfies the equation
Bsu` Jpuq
`
Btu´XHpuq
˘
“ 0, so that
u˚dαε “ dαεpBsu, Btuqds^ dt “ dαε
`
Bsu, JpuqBsu`XHpuq
˘
ds^ dt.
Now at points in D˚M the Hamiltonian vector field XH vanishes. At
points outside D˚M we have XH “ h
1prqR and αε “ α (we can assume
w.l.o.g. ε ď 1), so that iXHdαε “ h
1prqiRdα “ 0. In either case we
have
u˚dαε “ dαεpBsu, JpuqBsuqds^ dt,
which is nonnegative by Lemma 3.2.
Step 2. Denote uσ “ upσ, ¨q for σ ą 0. We have
lim
σŒ0
lim
εŒ0
ż
S1
u˚σαε “ ℓpqq.
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To see this we consider the map
q˜ : r0,8qˆ S1 Ñ T ˚M, q˜ps, tq :“
`
qptq, s 9qptq
˘
,
and denote as above q˜σ “ q˜pσ, ¨q for σ ą 0. Since J “ Jst near the
zero section, the maps u and q˜ agree with their first derivatives along
the boundary loop q at s “ 0, hence uσ and q˜σ are C
1-close for σ
close to 0. On the other hand αε is C
0-bounded near the zero section
uniformly with respect to ε Ñ 0. These two facts imply that the
integrals
ş
S1
u˚σαε and
ş
S1
q˜˚σαε are C
0-close for σ close to 0, uniformly
with respect to εÑ 0, and therefore
lim
σŒ0
lim
εŒ0
ż
S1
u˚σαε “ lim
σŒ0
lim
εŒ0
ż
S1
q˜˚σαε.
We now prove that
(12) lim
εŒ0
ż
S1
q˜˚σαε “ ℓpqq
for all σ ą 0, which implies the desired conclusion. Fix therefore
σ ą 0. Let Iε “ tt P S
1 : |σ 9qptq| ď εu, so that Iε Ă Iε1 for ε ď ε
1 andş
εą0
Iε “ I0 “ tt : 9qptq “ 0u. On the one hand we haveż
S1zIε
q˜˚σαε “
ż
S1zIε
q˜˚σα “
ż
S1zIε
αpqptq,σ 9qptqq ¨ 9˜qptq
“
ż
S1zIε
σ| 9qptq|2
|σ 9qptq|
dt “
ż
S1zIε
| 9qptq|dt “ ℓpq|S1zIεq.
We can therefore estimateˇˇˇˇż
S1
q˜˚σαε ´ ℓpq|S1zIεq
ˇˇˇˇ
“
ˇˇˇˇ ż
Iε
q˜˚σαε
ˇˇˇˇ
“
ˇˇˇˇ ż
Iε
αεpq˜σptqq ¨ 9˜qσptqdt
ˇˇˇˇ
ď C ¨
ε
σ
¨mpIεq Ñ 0 for εÑ 0.
Here mpIεq is the measure of Iε, uniformly bounded by the length of
the circle, C ą 0 is a C0-bound on αε near the 0-section, uniform with
respect to ε Ñ 0, and ε{σ is by definition the bound on | 9qptq| on Iε.
The estimate follows from 9˜qσ “ p 9q, σ:qq and the fact that the 1-form αε
only acts on the first component of the vector 9˜qσ.
Because lim
εŒ0
ℓpq|S1zIεq “ ℓpq|S1zI0q “ ℓpqq, equality (12) follows.
Step 3. We prove ż
p0,8qˆS1
u˚dα “
ż
x
α ´ ℓpqq.
Indeed, for σ, ε ą 0 Stokes’ theorem givesż
rσ,8qˆS1
u˚dαε “
ż
x
α ´
ż
uσ
αε.
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(The 1-form αε is equal to α near the orbit x.) The desired equality
follows from the definition of
ş
p0,8qˆS1
u˚dα and Step 2.
Conclusion. Combining Step 3 with Step 1 we obtain the first inequal-
ity ℓpqq ď
ş
x
α in Proposition 3.1. Moreover, Lemma 3.2 (in the limit
ε Ñ 0) shows that this inequality is an equality if and only if u is
contained in the half-cylinder over a closed geodesic.
The second inequality
ş
x
α ď AHpxq follows from (10). 
3.5. The isomorphism Ψ from symplectic to loop homology.
Now we adjust the definition of Ψ to symplectic homology. For J,H as
in the previous subsection and x P CritpAHq we define as before
Mpxq :“ tu : r0,8q ˆ S1 Ñ T ˚M | BHu “ 0, up`8, ¨q “ x, up0, ¨q ĂMu
By Proposition 3.1 the loop q “ up0, ¨q satisfies ℓpqq ď AHpxq. More-
over, the loop q is smooth and in particular has Sobolev class H1, hence
following Anosov [8] it has a unique H1-reparametrization q : S1 ÑM ,
with | 9q| ” const and qp0q “ qp0q (we say that q is parametrized propor-
tionally to arclength, or PPAL). We have
ℓpqq “ ℓpqq “
ż 1
0
| 9q|dt “
´ż 1
0
| 9q|2dt
¯1{2
“ Epqq1{2
with the energy
E : ΛÑ R, Epqq :“
ż 1
0
| 9q|2dt.
The energy defines a smooth Morse-Bott function on the loop space
whose critical points are constant loops and geodesics parametrized
proportionally to arclength. We denote by W˘paq the unstable/stable
manifolds of a P CritpEq with respect to ∇E. Now for x P CritpAHq
and a P CritpEq we define
Mpx; aq :“ tu PMpxq | up0, ¨q PW`paqu.
An element u in this moduli space still looks as in Figure 6, where
now the lop q “ up0, ¨q is reparametrized proportionally to arclength
and then flown into a using the flow of ´∇E. By Proposition 3.1, for
u PMpx; aq we have the estimate
(13) AHpxq ě ℓpqq “ Epqq
1{2 ě Epaq1{2.
To define the map Ψ, we now perturb H and E by small Morse func-
tions near the constant loops on M and the closed geodesics, and we
generically perturb the almost complex structure J from the previous
subsection. For generic such perturbations, eachMpx; aq is a manifold
of dimension
dimMpx; aq “ CZpxq ´ indpaq.
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The signed count of 0-dimensional spacesMpx; aq defines a chain map
Ψ : FC˚pHq Ñ MC˚pE
1{2q, x ÞÑ
ÿ
indpaq“CZpxq
#Mpx; aq a.
Here MC˚pE
1{2q denotes the Morse chain complex of E : Λ Ñ R,
graded by the Morse indices of E, but filtered by the square root E1{2
(which is decreasing under the negative gradient flow of E). The ac-
tion estimate (13) continues to hold for the perturbed data up to an
arbitrarily small error, which we can make smaller than the smallest
difference between lengths of geodesics below a given length µ. Thus
Ψ preserves the filtrations
Ψ : FCăb˚ pHq ÑMC
ăb
˚ pE
1{2q.
The induced maps on filtered Floer homology
Ψ˚ : FH
pa,bq
˚ pHq Ñ MH
pa,bq
˚ pE
1{2q – Hpa,bq˚ Λ
have upper triangular form with respect to the filtrations with ˘1 on
the diagonal (given by the half-cylinders over closed geodesics in Propo-
sition 3.1), so they are isomorphisms. It follows from [4, 6] that Ψ˚
intertwines the pair-of-pants product with the loop product, as well
as the corresponding BV operators. Passing to the direct limit over
Hamiltonians H , we have thus proved
Theorem 3.3. The map Ψ induces isomorphisms on filtered symplectic
homology
Ψ˚ : SH
pa,bq
˚ pD
˚Mq
–
ÝÑMHpa,bq˚ pE
1{2q – Hpa,bq˚ Λ,
where the left hand side is filtered by non-Hamiltonian action and the
right hand side by the square root of the energy. These isomorphisms
intertwine the pair-of-pants product with the Chas-Sullivan loop prod-
uct, as well as the corresponding BV operators. 
3.6. The isomorphism Ψ on reduced homology. Consider again a
Hamiltonian H : T ˚M Ñ R as in §3.4 and assume thatM is connected
and orientable. We perturb H so that all its critical points lie on
the zero section, and near the zero section Hpq, pq “ ε|p|2 ` V pqq for a
small ε ą 0 and a Morse function V : M Ñ R such that all nonconstant
critical points of AH have action larger than min V . Then the constant
critical points of AH define a subcomplex FC
“0
˚ pHq of FC˚pHq which
agrees with the Morse cochain complex of V on M , with degrees of
q P CritpV q related by CZpqq “ n´ indV pqq.
Next we choose V to have a unique local maximum q0 P M . Then we
have subcomplexes
R ¨ χq0 Ă FC
“0
˚ pHq Ă FC˚pHq,
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where χ denotes the Euler characteristic of M and R is the coefficient
ring. Note that CZpq0q “ 0. We obtain quotient complexes
FC˚pHq :“ FC˚pHq{R ¨ χq0 and FC
ą0
˚ pHq :“ FC˚pHq{FC
“0
˚ pHq
with projections
FC˚pHq Ñ FC˚pHq Ñ FC
ą0
˚ pHq.
The resulting homologies FH˚pHq and FH
ą0
˚ pHq are called the reduced
resp. positive Floer homology. The same constructions on the loop
space side yield the reduced resp. positive loop homology
MH˚pE
1{2q – H˚Λ and MH
ą0
˚ pE
1{2q – H˚pΛ,Λ0q,
where Λ0 Ă Λ is the subset of constant loops. By construction, the
map Ψ from the previous subsection preserves the reduced and positive
subcomplexes, so we have
Corollary 3.4. The isomorphism Ψ˚ from Theorem 3.3 descends to
isomorphisms
Ψ˚ : SH˚pD
˚Mq
–
ÝÑ H˚Λ and Ψ˚ : SH
ą0
˚ pD
˚Mq
–
ÝÑ H˚pΛ,Λ0q
on reduced and positive homology. These isomorphisms preserve the
filtrations by the non-Hamiltonian action on the symplectic homology
side, respectively by the square root of the energy on the Morse side. 
4. Continuation coproduct and loop coproduct
We keep the setup from the previous section, so M is a closed oriented
Riemannian manifold and D˚M Ă T ˚M its unit disc cotangent bundle.
In this section we prove
Theorem 4.1. The isomorphism Ψ˚ : SH˚pD
˚Mq
–
ÝÑ H˚Λ from
Corollary 3.4 intertwines the continuation coproduct λcont from [16]
with the loop coproduct λ.
4.1. Continuation coproduct. In [16, §6.2], a secondary product λ is
defined in terms of continuation maps on the reduced symplectic homol-
ogy of any “cotangent-like Weinstein domain” W . In this subsection
we recall its definition for W “ D˚M ; we will call it the continuation
product and denote it by λcont.
The definition in [16] is described in terms of real parameters λ1, λ2 ă
0 ă µ1, µ2, µ satisfying µ ď minpλ1 ` µ2, µ1 ` λ2q. For simplicity, we
choose the parameters as λ1 “ λ2 “ ´µ and µ1 “ µ2 “ 2µ for some
µ ą 0. We assume that µ and 2µ do not belong to the action spectrum
of S˚M .
As before, we denote by r “ |p| the radial coordinate on T ˚M . Let
K “ Kµ be a convex smoothing of the Hamiltonian which is zero
on D˚M and equals r ÞÑ µr outside D˚M . Then 2K “ K2µ and
LOOP COPRODUCT IN MORSE AND FLOER HOMOLOGY 31
´K “ K´µ are the corresponding Hamiltonians of slopes 2µ and ´µ,
respectively.
Let Σ be the 3-punctured Riemann sphere, where we view one puncture
as positive (input) and the other two as negative (outputs). We fix
cylindrical coordinates ps, tq P r0,8q ˆ S1 near the positive puncture
and ps, tq P p´8, 0s ˆ S1 near the negative punctures. Consider a 1-
form β on Σ which equals B dt near the positive puncture and Aidt
near the i-th negative puncture pi “ 1, 2) for some Ai, B P R. We say
that β has weights B,A1, A2. We moreover require dβ ď 0, which is
possible iff
A1 ` A2 ě B.
We consider maps u : Σ Ñ T ˚M satisfying the perturbed Cauchy-
Riemann equation
pdu´XK b βq
0,1 “ 0.
Near the punctures this becomes the Floer equation for the Hamiltoni-
ans BK and AiK, respectively, and the algebraic count of such maps
defines a (primary) coproduct
FH˚pBKq Ñ FC˚pA1Kq b FC˚pA2Kq
which has degree ´n and decreases the Hamiltonian action.
To define the secondary coproduct λcont, we choose a 1-parameter fam-
ily of 1-forms βτ , τ P p0, 1q, with the following properties (see Figure 7):
‚ dβτ ď 0 for all τ ;
‚ βτ equals dt near the positive puncture and `2dt near each negative
puncture, i.e., βτ has weights 1, 2, 2;
‚ as τ Ñ 0, βτ equals ´dt on cylinders near the first negative punc-
ture whose length tends to 8, so that β0 consists of a 1-form on Σ
with weights 1,´1, 2 and a 1-form with weights ´1, 2 on an infinite
cylinder attached at the first negative puncture;
‚ as τ Ñ 1, βτ equals ´dt on cylinders near the second negative
puncture whose length tends to 8, so that β1 consists of a 1-form
on Σ with weights 1, 2,´1 and a 1-form with weights ´1, 2 on an
infinite cylinder attached at the second negative puncture.
The algebraic count of such maps defines a (secondary) coproductrλcont : FC˚pKq Ñ FC˚p2Kq b FC˚p2Kq
which has degree 1´ n and decreases the Hamiltonian action.
Let us analyze the contributions from τ “ 0, 1. The algebraic count of
cylinders with weights ´1, 2 defines the continuation map (of degree 0)
c “ c´K,2K : FC˚p´Kq Ñ FC˚p2Kq.
It is shown in [16] that the image of c is R ¨ χq0, where χ is the Euler
characteristic of M and q0 P M the basepoint (as before, we perturb
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Figure 7. The continuation coproduct λcont
K by a function on M which attains its maximum at q0), so
FC˚p2Kq{im c “ FC˚p2Kq{R ¨ χq0 “ FC˚p2Kq
is the reduced Floer complex. Similarly, the algebraic count of cylinders
with weights ´1, 1 defines the continuation map (of degree 0)
c “ c´K,K : FC˚p´Kq Ñ FC˚pKq
with image R ¨ χq0, so that
FC˚pKq{im c “ FC˚pKq{R ¨ χq0 “ FC˚pKq.
It is shown in [16] that λcont descends to a map
λcont : FC˚pKq Ñ FC˚p2Kq b FC˚p2Kq,
which is a chain map and thus induces on homology the continuation
coproduct
λcont : FH˚pKq Ñ FH˚p2Kq b FH˚p2Kq.
Letting the slope of K go to infinity we obtain in the limit the map
λcont : SH˚pD
˚Mq Ñ SH˚pD
˚Mq b SH˚pD
˚Mq,
which we call continuation coproduct in symplectic homology.
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4.2. Conformal annuli. To prove Theorem 4.1 we will produce, for
each Hamiltonian K “ Kµ as in the previous subsection, a chain ho-
motopy
Θ : FC˚pKµq ÑMC˚pE
1{2q bMC˚pE
1{2q
satisfying
BΘ`ΘBF “ pΨbΨqλcont ´ λΨ.
The map Θ will be defined by a count of Floer maps to T ˚M defined
over a 2-parametric family of punctured annuli. In this subsection we
describe the underlying moduli space of conformal annuli.
A (conformal) annulus is a compact genus zero Riemann surface with
two boundary components. By the uniformization theorem (see for
example [10]), each annulus is biholomorphic to r0, Rs ˆ R{Z with its
standard complex structure for a unique R ą 0 called its (conformal)
modulus. The exponential map s ` it ÞÑ e2πps`itq sends the standard
annulus onto the annulus
AR “ tz P C | 1 ď |z| ď e
2πRu Ă C.
It will be useful to consider slightly more general annuli in the Riemann
sphere S2 “ C Y t8u. A circle in S2 is the transverse intersection of
S2 Ă R3 with a plane. We will call a disc in S2 an open domain D Ă S2
bounded by a circle, and an annulus in S2 a set DzD1 for two discs
D,D1 Ă S2 satisfying D1 Ă D (with the induced complex structure).
Lemma 4.2. Every annulus A in S2 of conformal modulus R can be
mapped by a Mo¨bius transformation onto the standard annulus AR Ă
C Ă S2 above.
Proof. Write A “ DzD1 for discs D,D1 Ă S2. After applying a Mo¨bius
transformation, we may assume that D is the disc tz P C | |z| ă e2πRu.
LetD1 Ă D be the unit disc. There exists a Mo¨bius transformation φ of
D sending a point z1 P BD1 to a point z1 P BD1 and the positive tangent
direction to BD1 at z1 to the positive tangent direction to BD1 at z1.
Thus φ sends BD1 to a circle tangent to BD1 at z1, and since the annuli
DzD1 and DzD1 both have modulus R we must have φpBD
1q “ BD1,
hence φpD1q “ D1. 
For each R, the standard annulus r0, Rs ˆ R{Z carries two canonical
foliations: one by the line segments r0, Rs ˆ pt and one by the circles
pt ˆ R{Z. Moreover, these two foliations are invariant under the au-
tomorphism group of the annulus. Hence by Lemma 4.2 each annulus
in S2 also carries two canonical foliations, one by circle segments con-
necting the two boundary components and one by circles, such that the
foliations are orthogonal and the second one contains the two bound-
ary loops. These two foliations can be intrinsically described as follows:
the automorphism group of an annulus A is AutpAq » S1. The first
foliation consists of the orbits of the S1-action. The second foliation
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Figure 8. Conformal annuli and their canonical foliations
is the unique foliation orthogonal to the first one. Its leaves connect
the two boundary components because this is the case for a standard
annulus.
Figure 8 shows a 1-parametric family of annuli in C whose conformal
moduli tend to 0 together with their canonical foliations. The domain
at modulus 0 is the difference of two discs touching at one point, the
node. Putting the node at the origin, the inversion z ÞÑ 1{z maps
this domain onto a horizontal strip in C (with the node at 8) with
its standard foliations by straight line segments and lines. Opening
up the node, we can conformally map it onto the standard disc with
two boundary points corresponding to the node (since the map is not
a Mo¨bius transformation, the two foliations will not be by circle seg-
ments).
Annuli with aligned marked points. The relevant domains for
our purposes are annuli with 3 marked points, one interior and one on
each boundary component. We require that the 3 points are aligned, by
which we mean that they lie on the same leaf of the canonical foliation
connecting the two boundary components. (In the next subsection
the interior marked point will correspond to the input from the Floer
complex and the boundary marked points will be the initial points of
the boundary loops on the zero section.)
Figure 9 shows the moduli space of such annuli with fixed finite con-
formal modulus. It is an interval over which the interior marked point
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Figure 9. Annuli with aligned marked points and fixed modulus
moves from one boundary component to the other. Each end of the in-
terval corresponds to a rigid nodal curve consisting of an annulus with
one boundary marked point and a disc with an interior and a boundary
marked point, where the marked point and the node are aligned in the
annulus, and the two marked points and the node are aligned in the
disc (i.e., they lie on a circle segment perpendicular to the boundary).
Figure 10 shows the moduli space of such annuli with varying confor-
mal modulus. It is a pentagon in which we will view the two lower
sides as being “horizontal” (although they meet at an actual corner).
Then in the vertical direction the conformal modulus increases from
0 (on the top side) to 8 (on the two lower sides), while in the hori-
zontal direction the interior marked point moves from one boundary
component to the other. In all configurations the marked points and
nodes are aligned. The interior nodes occuring along the bottom sides
carry asymptotic markers (depicted as arrows) that are aligned with
the boundary marked points. In particular, each interior node comes
with an orientation reversing isomorphism between the tangent circles
matching the asymptotic markers (this is the “decorated compactifica-
tion”).
4.3. Floer annuli. Now we define a moduli space of Floer maps into
T ˚M over the moduli space P of annuli in Figure 10. For this, we
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Figure 10. Annuli with aligned marked points and
varying modulus
choose a family of 1-forms βτ , τ P P, with the following properties (see
Figure 11):
‚ dβτ ď 0 for all τ ;
‚ βτ equals dt near the (positive) interior puncture, and 2 dt in coordi-
nates ps, tq P r0, εqˆR{Z near each (negative) boundary component,
i.e., it has weights 1, 2, 2;
‚ on annuli of infinite modulus, βτ has weights at the positive/negative
punctures as shown in the figure.
In the figure the black circles are boundary components, blue circles
are interior punctures (viewed as positive/negative when going up-
wards/downwards), and red numbers denote the weights. Such a family
βτ exists because on each component of each broken curve the sum of
negative weights is greater or equal to the sum of positive weights.
The annuli carry two marked points on their boundary circles (depicted
as black dashes) which are aligned with the interior puncture. Again,
all interior punctures carry asymptotic markers (not drawn) that are
aligned with the boundary marked points, also over broken curves and
are matching across each pair of positive/negative punctures.
Note that the bottom corner of the pentagon in Figure 10 has been
replaced by a new side over which the underlying stable domain is fixed,
but the weights at the positive/negative puncture vary as depicted with
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Figure 11. The hexagon of Floer annuli
a P r´1, 2s. Thus the conformal modulus is 0 along the top side, and
8 along the three bottom sides.
We fix a nonnegative Hamiltonian K : T ˚M Ñ R as in §4.1. For τ P P
we denote by Στ the corresponding (possibly broken) annulus with
one positive interior puncture z` and two numbered boundary marked
points z1, z2 on the boundary components C1, C2, equipped with the
1-form βτ . Given x P FC˚pKq we define the moduli space
Ppxq :“ tpτ, uq | τ P P, u : Στ Ñ T
˚M, pdu´XK b βτ q
0,1 “ 0,
upz`q “ x, upCiq ĂM for i “ 1, 2u,
where the condition upz`q “ x is understood as being C
8-convergence
ups, ¨q Ñ x as s Ñ 8 in cylindrical coordinates ps, tq P r0,8q ˆ S1
near the positive puncture z`. By Anosov [8], the restriction u|Ci can
be uniquely parametrized over r0, 1s as an H1-curve proportionally to
arclength such that time 0 corresponds to the marked point zi, i “
1, 2. Viewing u|Ci with these parametrizations thus yields a boundary
evaluation map
evB : Ppxq Ñ Λˆ Λ, pτ, uq ÞÑ pu|C1 , u|C2q.
Note that this map is also canonically defined over the boundary of P.
Indeed, this is clear everywhere except possibly over the two vertical
sides where one boundary loop is split into two. There one component
of Στ is an annulus without interior puncture, on which the map u is
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therefore constant (see the next subsection). Hence in the split bound-
ary loop one component is constant, and we map it simply to the other
component parametrized proportionally to arclength.
The expected dimension of Ppxq is
dimPpxq “ nχpΣτ q ` CZpxq ` dimP “ CZpxq ` 2´ n,
where χpΣτ q “ ´1 is the Euler characteristic of the punctured annulus.
However, the moduli space Ppxq is not transversely cut out over the
vertical sides of P. Indeed, the moduli space of non-punctured annuli
appearing there has Fredholm index nχpAq` 1 “ 1, where χpAq “ 0 is
the Euler characteristic of the annulus A and the `1 corresponds to the
varying conformal modulus. But the actual dimension of this space is
n` 1, where n is the dimension of the space of constant maps AÑM .
In the following subsections we explain how to achieve transversality by
perturbing the Floer equation by a section in the obstruction bundle.
4.4. Moduli problems and obstruction bundles. To facilitate the
discussion in the next subsection, we introduce in this subsection a
general setup for moduli problems and obstruction bundles. Our notion
of a moduli problem will be a slight generalization of that of a G-moduli
problem in [15] for the case of the trivial group G, which allows us to
work with integer rather than rational coefficients.
A moduli problem is a quadruple pB,F ,S,Zq with the following prop-
erties:
‚ p : F Ñ B is a Banach fibre bundle over a Banach manifold;
‚ Z Ă F is a Banach submanifold transverse to the fibres;1
‚ S : B Ñ F is a smooth section such that the solution set
M :“ S´1pZq Ă B
is compact and for each b PM the composed operator
DbS : TbB
TbSÝÑ TSpbqF ÝÑ TSpbqF{TSpbqZ
is Fredholm with constant index indpSq “ indpDbSq, and its deter-
minant bundle
detpSq “ Λtop kerpDSq b ΛtopcokerpDSq˚ ÑM
is oriented.
A morphism between moduli problems pB,F ,S,Zq and pB1,F 1,S 1,Z 1q
is a pair pψ,Ψq with the following properties:
‚ ψ : B ãÑ B1 is a smooth embedding;
1In particular, TzZ Ă TzF is a closed subspace which has a closed complement
for all z P Z.
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‚ Ψ : F Ñ F 1 is a smooth injective bundle map covering ψ such that
S 1 ˝ ψ “ Ψ ˝ S, M1 “ ψpMq, Z 1 “ ΨpZq.
Moreover, the linear operators Tbψ : TbB Ñ TψpbqB
1 and DzΨ :
TzF{TzZ Ñ TΨpzqF{TΨpzqZ induce for each b PM isomorphisms
Tbψ : kerDbS Ñ kerDψpbqS
1, DSpbqΨ : cokerDbS Ñ cokerDψpbqS
1
such that the resulting isomorphism from detpSq to detpS 1q is ori-
entation preserving.
Proposition 4.3. Each moduli problem pB,F ,S,Zq has a canonical
Euler class
χpB,F ,S,Zq P HindpSqpB;Zq.
Moreover, if pψ,Ψq is a morphism between moduli problems pB,F ,S,Zq
and pB1,F 1,S 1,Z 1q, then indpSq “ indpS 1q and
ψ˚
`
χpB,F ,S,Zq
˘
“ χpB1,F 1,S 1,Z 1q P HindpSqpB
1;Zq.
Proof. This follows directly from the corresponding results in [15]. To
construct the Euler class, we compactly perturb S to a section rS which
is transverse to Z; then ĂM “ rS´1pZq is a compact manifold of di-
mension d “ indpSq which inherits a canonical orientation and thus
represents a class in HdpB;Zq, and it is easy to see that this class is
independent of the choice of perturbation. The assertion about mor-
phisms is obvious. 
A special case of a moduli problem arises if F “ E Ñ B is a Banach
vector bundle and Z “ ZE is the zero section in E . In this case DbS
is the vertical differential of S at b P M “ S´1p0q and we arrive at
the usual notion of a Fredholm section. This is the setup considered
in [15]; the general case can be reduced to this one (via a morphism of
moduli problems) by passing to the normal bundle of Z.
Consider now a moduli problem pB,F ,S,Zq such that
(i) M “ S´1pZq Ă B is a smooth submanifold, and
(ii) kerpDbSq “ TbM for each b PM.
Then the cokernels cokerpDbSq fit together into the smooth obstruction
bundle
O :“ cokerpDSq ÑM
whose rank is related to the Fredholm index of S by
dimM “ indpSq ` rkO.
We thus obtain a finite dimensional moduli problem pM,O, 0,ZOq,
where 0 :MÑ O denotes the zero section and ZO Ă O its graph.
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Lemma 4.4. In the preceding situation there exists a canonical mor-
phism of moduli problems
pι, expq : pM,O, 0,ZOq Ñ pB,F ,S,Zq,
where ψ “ ι :M ãÑ B is the inclusion and exp : O ãÑ F is a fibrewise
exponential map.
Proof. Choose N Ñ Z a smooth Banach vector bundle such that for
each z P Z,
Nz Ă TzFppzq and TzF “ TzZ ‘Nz.
Since N represents the normal bundle to Z in F , we can assume that
DS takes values in N and O is a subbundle of N complementary to
imDS. Pick a fibrewise Riemannian metric on F whose exponential
map restricts to a fibre preserving embedding
exp : O ãÑ F , Oz ãÑ Fppzq.
Now it is easy to check that pι, expq with the inclusion ι : M ãÑ B
defines a morphism pM,O, 0,ZOq Ñ pB,F ,S,Zq. 
In the situation of Lemma 4.4, the Euler class of pB,F ,S,Zq is there-
fore represented by the zero set η´1p0q of a section η :M Ñ O in the
obstruction bundle which is transverse to the zero section. Concretely,
keeping the notation from the proof, exp ˝η defines a section of the
fibre bundle F |M ÑM. We extend the bundle O ÑM to a bundlerO Ñ rB on a neighbourhood rB Ă B of M and η to a section rη of the
bundle rO Ñ rB vanishing near the boundary of rB. Then the perturbed
section rS “ S ` exp ˝rη of F Ñ B is transverse to Z and its solution
set rS´1pZq represents the Euler class of pB,F ,S,Zq.
Remark 4.5 (orientations). In the situation of Lemma 4.4 we are given
an orientation of
(14) detpSq “ ΛtopTMb ΛtopO˚.
Let now η : M Ñ O be a section transverse to the zero section. Its
zero set A :“ η´1p0q Ă M is a submanifold and at each b P A the
linearization Dbη : TbMÑ Ob is surjective with kernel kerDbη “ TbA,
so we get a canonical isomorphism of line bundles
ΛtopTM|A – Λ
topTAb ΛtopO|A Ñ A.
Combined with (14) this yields a canonical isomorphism
ΛtopTA – detpSq|A,
so an orientation of detpSq induces an orientation of A. In the case
indpSq “ 0 this can be made more explicit as follows. Then rkO “
dimM and an orientation of detpSq induces an isomorphism
ΛtopTM – ΛtopO.
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For b P η´1p0q we define the sign σpbq to be `1 if the isomorphism
Dbη : TbM
–
ÝÑ Ob preserves orientations, and ´1 otherwise. Then the
signed count
χpOq “
ÿ
bPη´1p0q
σpbq
is the Euler number of the obstruction bundle O ÑM.
Finally, consider a moduli problem pB,F ,S,Zq which splits as follows:
‚ p “ pp0, p1q : F “ F0 ˆB F1 Ñ B;
‚ Z “ Z0 ˆB Z1;
‚ S “ S0 ˆ S1 for sections Si : Bi Ñ Fi such that S1 is transverse to
Z1.
Lemma 4.6. In the situation above there exists a reduced moduli prob-
lem
pB,F ,S,Zq “
`
S´11 pZ1q,F0|B,S0|B,Z0|B
˘
and a morphism pψ,Ψq of moduli problems from pB,F ,S,Zq to
pB,F ,S,Zq, with ψ : B ãÑ B the inclusion and Ψpf0q “
`
f0, S1 ˝
p0pf0q
˘
.
Proof. Since S1 is transverse to Z1, it follows that B Ă B is a submani-
fold and pB,F ,S,Zq defines a moduli problem. Now it follows directly
from the definitions that pψ,Ψq as in the lemma induces for b P B the
canonical identities
Tbψ : kerDbS “ kerDbS0 X kerDbS1 “ kerDψpbqS,
DSpbqΨ : cokerDbS “ cokerpDbS0|kerDbS1q “ cokerDψpbqS,
hence it defines a morphism of moduli problems. 
4.5. Constant Floer annuli. In this subsection we apply the results
of the previous subsection to moduli spaces of annuli. We begin with
a rather general setup. Let pΣ, jq be a compact Riemann surface
with boundary, and pV, Jq be an almost complex manifold with a half-
dimensional totally real submanifold L Ă V . For m P N and p P R
with mp ą 2 we consider the Banach manifold
B “ Wm,p
`
pΣ, BΣq, pV, Lq
˘
and the Banach space bundle E Ñ B whose fibre over u P B is
Eu “W
m´1,p
`
Σ,Hom0,1pTΣ, u˚TV q
˘
.
Denote ZE the zero section. The Cauchy-Riemann operator
Bu “ pduq0,1 “
1
2
`
du` Jpuq ˝ du ˝ j
˘
defines a Fredholm section B : B Ñ E . Assuming a setup in which
the space of solutions B
´1
pZEq is compact (e.g. if J is tamed by an
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exact symplectic structure on V , the totally real submanifold L is exact
Lagrangian, and Σ has a compact group of automorphisms), we obtain
a moduli problem pB, E , B¯,ZEq.
Constant annuli of positive modulus. Now we apply the preced-
ing discussion to the moduli space of constant annuli appearing in the
previous subsection. Consider a fixed annulus pΣ, jq of finite conformal
modulus R ą 0, equipped with a 1-form β as above satisfying dβ ď 0
and β “ 2dt in cylindrical coordinates near the two (negative) bound-
ary loops. Let K be the nonnegative Hamiltonian from §4.1. Then the
Floer operator BKu :“ pdu´XK b βq
0,1 defines a Fredholm section in
the appropriate bundle E Ñ B over the Banach manifold
B “Wm,p
`
pΣ, BΣq, pT ˚M,Mq
˘
.
We denote its zero set by M :“ B
´1
K p0q. For u PM the usual energy
estimate (see e.g. [30]) gives
Epuq “
1
2
ż
Σ
|du´XKpuq b β|
2volΣ ď ´A2Kpu|BΣq “ 0,
where the Hamiltonian action of u|BΣ vanishes because both the Li-
ouville form and the Hamiltonian K vanish on the zero section M .
This implies that du ´ XKpuq b β ” 0. Since XK vanishes near the
zero section, it follows that du ” 0 near BΣ and therefore, by unique
continuation, u is constant equal to a point in M . Hence the moduli
space
M “M
consists of points in M , viewed as constant maps Σ Ñ M . Since XK
vanishes near the zero section, the Floer operator BK agrees with the
Cauchy-Riemann operator B nearM, so we can and will replace BK by
B in the following discussion of obstruction bundles.
We identify Σ with the standard annulus r0, Rs ˆ R{Z and its trivial
tangent bundle TΣ “ Σ ˆ C. Consider a point u P M , viewed as a
constant map u : ΣÑM . We identify
T ˚uM “ R
n, TuM “ iR
n, TupT
˚Mq “ Cn.
Then we have
TuB “W
m,p
`
pΣ, BΣq, pCn, iRnq
˘
,
Eu “W
m´1,p
`
Σ,Hom0,1pC,Cnq
˘
“ Wm´1,ppΣ,Cnq,
where for the last equality we use the canonical isomorphism
Hom0,1pC,Cnq
–
ÝÑ Cn, η ÞÑ ηpBsq.
With these identifications, the linearized Cauchy-Riemann operator
reads
DuB : W
m,p
`
pΣ, BΣq, pCn, iRnq
˘
ÑWm´1,ppΣ,Cnq, ξ ÞÑ Bsξ ` iBtξ.
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An easy computation using Fourier series (see [12]) shows that
kerpDuBq “ iR
n “ TuM, cokerpDuBq “ R
n “ T ˚uM.
So the Cauchy-Riemann operator, and thus the Floer operator, satisfies
conditions (i) and (ii) in the previous subsection with the obstruction
bundle
O “ cokerpDBKq – T
˚M ÑM “M,
and Lemma 4.4 implies
Corollary 4.7. In the preceding situation there exists a canonical mor-
phism of moduli problems
pι, Iq : pM,T ˚M, 0,ZT˚Mq Ñ pB, E , B,ZEq,
where ι : M ãÑ B is the inclusion as constant maps and I converts a
cotangent vector into a constant p0, 1q-form. 
Note in particular that BK has index zero. A section in the obstruc-
tion bundle transverse to the zero section corresponds under the iso-
morphism O – T ˚M to a 1-form η on M with nondegenerate zeroes
p1, . . . , pk, and the zero set of the perturbed Floer operator BK ` rη
consists of p1, . . . pk viewed as constant maps Σ Ñ M . Having chosen
the orientation of detpB¯q to be induced by the canonical isomorphism
TM – T ˚M , we obtain that the signed count
kÿ
i“1
σppiq “ χpT
˚Mq
agrees with the Euler number of T ˚M . Note that the Euler number
of T ˚M equals the Euler characteristic of M (this follows from the
canonical isomorphism T ˚M – TM and the Poincare´-Hopf theorem).
Constant annuli of modulus zero. Annuli of conformal modulus
zero can be viewed as moduli problems in two equivalent ways. For the
first view, we take as domain the compact region A Ă C bounded by
two circles touching at one point, the node. Given pV, Jq and L Ă V as
above, we therefore obtain a moduli problem pBA, EA,SA,ZEAq with
BA “ Wm,p
`
pA, BAq, pV, Lq
˘
, EAu “ W
m´1,p
`
A,Hom0,1pTA, u˚TV q
˘
,
the Cauchy-Riemann operator SA “ B
A
, and the zero section ZEA Ă
EA.
For the second view, we take as domain the closed unit disk D Ă C
with ˘i viewed as nodal points which are identified. This gives rise to
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a moduli problem pBD,FD,SD,ZDq with
BD “ Wm,p
`
pD, BDq, pV, Lq
˘
,
FD “ ED ˆ pLˆ Lq, EDu “ W
m´1,p
`
D,Hom0,1pTD, u˚TV q
˘
,
SD “ B
D
ˆ ev : BD Ñ ED ˆ pLˆ Lq, evpuq “
`
upiq, up´iq
˘
,
ZD “ ZED ˆ∆, ∆ “ tpq, qq | q P Lu Ă Lˆ L.
Note that the indices of the two moduli problems agree,
indpSDq “ indpB
D
q ´ n “ indpSAq.
Let φ : D Ñ A be a continuous map which maps ˘i onto the nodal
point and is otherwise one-to-one, and which is biholomorphic in the
interior.2 Then composition with φ defines a diffeomorphism
BD Ą ev´1p∆q – BA
(where we use as area form on A the pullback under φ of an area form
on D). Since ev : BD Ñ L ˆ L is transverse to the diagonal ∆, we
are in the situation of Lemma 4.6. We conclude that there exists a
morphism of moduli problems
pψ,Ψq : pBA, EA,SA,ZEAq Ñ pB
D,FD,SD,ZDq,
where ψ : BA “ ev´1p∆q ãÑ BD is the inclusion and Ψpu; ηq “`
u; η, evpuq
˘
.
Now we specialize to the case pV, Lq “ pT ˚M,Mq with its canonical al-
most complex structure J . Then both solution spacesMA “ pB
A
q´1p0q
and MD “ pSDq´1pZDq “ pB
D
q´1p0q “ M consist of constant maps
to M . Morover, in view of the preceding discussion and the fact that
the Cauchy-Riemman operator B
D
: BD Ñ ED over the disk is trans-
verse to the zero section, they both satisfy the hypotheses (i) and (ii)
of Lemma 4.4, so combined with the preceding discussion we obtain
Corollary 4.8. There exists a commuting diagram of morphisms of
moduli problems
pBA, EA,SA,ZEAq
pψ,Ψq
// pBD,FD,SD,ZDq
pM,T ˚M, 0T˚M ,ZT˚Mq
pιA,ΨAq
OO
pid,expq
// pM,M ˆM, ev,∆q
pιD ,ΨDq
OO
where ιA : M ãÑ BA and ιD : M ãÑ BD are the inclusions as constant
maps, the bundle M ˆM Ñ M is given by projection onto the first
2We may construct φ as a composition φ “ ϑ ˝ log ˝ψ where ψ is the Mo¨bius
transformation sendingD onto the upper halfplaneH with ψp´iq “ 0 and ψpiq “ 8,
log is the logarithm sending H onto the strip S “ tz P C | 0 ď Im z ď piu, and ϑ is
the Mo¨bius transformation sending S onto A.
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factor, and exp : T ˚M Ñ M ˆM is the composition of the isomor-
phism T ˚M – TM induced by a metric on M with the exponential map
TM ÑM ˆM . Thus the Euler class of each of these moduli problems
is represented by the nondegenerate zeroes p1, . . . , pk of a 1-form η on
M (or equivalently, of a vector field v on M), with signs that add up
(up to a global sign) to the Euler characteristic χ of M . 
4.6. Poincare´ duality coproduct equals loop coproduct. In this
subsection we prove Theorem 4.1.
For x P FC˚pKq consider the moduli space Ppxq of Floer annuli de-
scribed in §4.3 with its boundary evaluation map evB : Ppxq Ñ Λˆ Λ.
Pick a 1-form η onM with nondegenerate zeroes p1, . . . , pk. As in §4.5,
we view η as a section of the obstruction bundle over the vertical sides
of the hexagon in Figure 11. We extend this section by a cutoff function
to a section rη over the whole hexagon and add it as a right hand side
to the Floer equation. We choose the data such that the moduli space
Ppxq is transversely cut out, and thus defines a compact manifold with
corners of dimension CZpxq ` 2´ n.
We may assume without loss of generality that M is connected. We
pick a C2-small Morse function V : M Ñ R with a unique maximum
at q0 P M such that p1, . . . , pk flow to q0 under the positive gradient
flow of V . Let MC˚pSq denote the Morse complex of the perturbed
energy functional
S : ΛÑ R, Spqq :“
ż 1
0
`
| 9q|2 ´ V pqq
˘
dt
(note that there is no factor 1{2 in front of | 9q|2). For x P FC˚pKq and
a, b PMC˚pSq we define
Ppx; a, bq :“ tpτ, uq P Ppxq | evBpuq P W
`paq ˆW`pbqu,
where W`paq is the stable manifold of a with respect to the negative
gradient flow of S. Recall that the boundary evaluation map involves
reparametrization of the boundary loops proportionally to arclength.
For generic choices, these are manifolds of dimension
dimPpx; a, bq “ CZpxq ´ indpaq ´ indpbq ` 2´ n.
If the dimension is 0 these spaces are compact and their signed counts
Θpxq :“
ÿ
a,b
#Pdim“0px; a, bq ab b
define a degree 2´ n map
Θ : FC˚pKq ÑMC˚pSq bMC˚pSq.
Next we consider a 1-dimensional moduli space Pdim“1px; a, bq and com-
pute its boundary. Besides splitting off index 1 Floer cylinders and neg-
ative gradient flow lines, which give rise to the term BΘ ` ΘBF , there
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are contributions from the sides of the hexagon in Figure 11 which we
analyze separately. Note that the indices now satisfy
CZpxq ´ indpaq ´ indpbq “ n ´ 1.
Vertical left side: Here the broken curves consist of a half-cylinder at-
tached at a boundary node to an annulus without interior puncture,
where the two boundary loops flow into a, b under the negative gra-
dient flow of S. By the discussion in §4.5 the moduli space of annuli
is r0,8s ˆ η´1p0q, where r0,8s encodes the conformal modulus and
η´1p0q consists of the points p1, . . . , pk (with signs σppiq). In partic-
ular, we must have b “ q0 and therefore indpbq “ indpq0q “ 0. The
half-cylinders belong to the moduli space
Mpx; aq “ tu : r0,8q ˆ S1 Ñ T ˚M | pdu´XK b βq
0,1 “ rη,
up8, ¨q “ x, up0, ¨q P W`paqu.
They carry a boundary nodal point which is aligned with the boundary
marked point p0, 0q and the puncture at 8, and is therefore given by
p0, 1{2q. The evaluation at the nodal point defines an evaluation map
ev1{2 :Mpx; aq ÑM, u ÞÑ up0, 1{2q.
For the broken curve to exist this evaluation map must meet one of the
constant annuli, i.e. one of the points p1, . . . , pk PM , which generically
does not happen because
dimMpx; aq “ CZpxq ´ indpaq “ n´ 1.
Hence the vertical left side gives no contribution to the boundary.
Vertical right side: Similarly, the vertical right side gives no contribu-
tion to the boundary.
Lower left side: Here the broken curves consist of a disc with two inte-
rior punctures, one positive and one negative, attached at its negative
puncture to the positive puncture of a half-cylinder along an orbit in
FC˚p´Kq, where the two boundary loops flow into a, b under the nega-
tive gradient flow of S. By choosing the 1-form β equal to dt on a long
cylindrical piece of the half-cylinder, we can achieve that these half-
cylinders are in one-to-one correspondence with broken curves consist-
ing of a cylinder with weights p´1, 1q and a half-cylinder with weights
p1, 2q, see Figure 12. As such, their count corresponds to the composi-
tion
FC˚p´Kq
c
ÝÑ FC˚pKq
Ψ
ÝÑ MC˚pSq
of the continuation map c from §4.1 and the chain map Ψ from §3.3.
Since the image of c is Rχq0 and Ψpq0q “ q0 (viewed as a constant
loop), this shows that the contribution from the lower left side lands
in MC˚pSq bRχq0.
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Figure 12. Degenerating the half-cylinders
Lower right side: Similarly, the contribution from the lower right side
lands in Rχq0 bMC˚pSq.
Let us draw some conclusion from the discussion so far. For this,
note that for x “ q0 the punctured annuli in Ppq0; a, bq are constant
equal to q0, so Ppq0; a, bq can only be nonempty if a “ b “ q0. Since
dimPpq0; q0, q0q “ 2´n is zero iff n “ 2, this shows that Θpq0q “ q0bq0
if n “ 2, and Θpq0q “ 0 otherwise. In either case Θ maps Rχq0 to
Rχq0 b Rq0 and thus descends to a map between the reduced chain
complexes
Θ : FC˚pKq Ñ MC˚pSq bMC˚pSq.
The preceding discussion shows that this map satisfies
BΘ`ΘBF “ Θtop ´Θbottom,
where Θtop and Θbottom are the degree 1´n maps arising from the con-
tributions of the top and bottom sides of the hexagon to the boundary
of Pdim“1px; a, bq which we discuss next.
Bottom side: The family of broken curves on the bottom side can be
deformed in an obvious way to the family of broken curves shown in
Figure 13. Since the half-cylinders with weights p2, 2q define the map
Ψ and the family of 3-punctured spheres above them defines the con-
tinuation coproduct λcont from §4.1, this shows that Θbottom is chain
homotopic to pΨbΨqλcont.
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Figure 13. Degenerating the curves on the bottom side
Top side: The family on the top side of the hexagon consists of punc-
tured annuli of modulus 0, i.e., punctured discs with two nodal points
on the boundary that are identified to a node. Moreover, the bound-
ary carries two marked points that are separated by the nodal points
and aligned with the interior puncture. We wish to relate this family
to the loop coproduct, but for this we face two problems: First, the
boundary loops carry two marked points whereas the loops for the ho-
mology coproduct carry only one (the initial time t “ 0); and second,
the self-intersection of the boundary loop occurs at the nodal points
and not at one of the marked points.
Both problems are resolved simultaneously by enlarging this 1-parametric
family to a 2-parametric family in which we keep the two boundary
marked points aligned, but drop the condition that the interior punc-
ture is aligned with them. The 2-parametric family forms the hexagon
shown in Figure 14. Here the interior puncture is depicted as a cross,
the aligned boundary marked points as endpoints of a dashed line, and
the nodal points as thick dots. The bottom side of the hexagon (drawn
in black) corresponds to the 1-parametric family on the top side of Fig-
ure 11. Note that here we made a choice by letting the interior puncture
move freely above the dashed line connecting the two boundary marked
points; we could equally well have taken the mirror hexagon where the
interior puncture moves below the dashed line.
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Figure 14. Floer annuli of modulus zero
The hexagon in Figure 14 defines a deformation from the bottom
(black) side to the top side (drawn in red). The configurations in
this figure are to be interpreted as follows.
‚ Each configuration has two boundary loops obtained by going around
in the counterclockwise direction: the first loop from the bottom to the
top nodal point, and the second one from the top to the bottom nodal
point. Each boundary loop carries a marked point. As before, each
boundary loop of the zero section is reparametrized proportionally to
arclength and then flown into a critical point on Λ under the negative
gradient flow of the functional S : ΛÑ R.
‚ In each configuration the unique component carrying the interior
puncture (which may be nonconstant) is drawn as a large disc, so the
small discs are all constant. In particular, each small disc carrying the
two nodal points is a constant annulus of modulus zero. Under the per-
turbation of the Cauchy-Riemann equation described in Corollary 4.8,
such a component lands on the transverse zeroes p1, . . . , pk of a 1-form
η and thus flows into the basepoint q0. Since the signs add up to ˘χ,
this shows that all configurations on the upper and lower left sides land
in Rχq0bMC˚pSq, while those on the upper and lower right sides land
in MC˚pSqbRχq0. In particular, all contributions from the upper and
lower left and right sides vanish in the reduced Morse complex. Thus
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Figure 15. Interpreting the curves on the top side
the hexagon in Figure 14 provides a chain homotopy on reduced com-
plexes from Θtop (defined by the bottom side) to the operation rΘtop
defined by the top side.
‚ Consider now the top side. Since both marked points and the black
nodal point lie on the same constant component, we can remove this
component and replace the three points by one nodal/marked point as
shown in Figure 15. The boundary of these configurations consists of
loops q : r0, 1s Ñ M with one (black) marked/nodal point at time 0
and an additional (red) nodal point at time s which moves from 0 to 1
as we traverse the side from left to right. In view of Corollary 4.8 and
Remark 4.5, the map rΘtop : FC˚pKq ÑMC˚pSq bMC˚pSq is defined
by counting isolated configurations consisting of punctured discs as
in the definition of the moduli spaces Mpxq from §3.5, additionally
decorated with two marked points, with an incidence condition at the
marked points, followed by semi-infinite negative gradient lines of S
starting at the de-concatenated loops. Now we deform rΘtop once more
by inserting a negative gradient trajectory of S of finite length T ě 0
between the boundary loop of the disc and the loop on which we impose
the incidence condition at the marked points. As T Ñ 8 this becomes
the chain map Ψ : FC˚ Ñ MC˚pΛq followed by the Morse theoretic
coproduct λ.
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Altogether, we obtain a chain homotopy on reduced complexes from
Θtop to λΨ. Together with the preceding discussion this concludes the
proof of Theorem 4.1. 
5. Relation to other Floer-type coproducts
In this section we restrict the continuation coproduct λcont of the pre-
vious section to positive action symplectic homology SHą0˚ pV q. We
specialize to the case of a unit cotangent bundle V “ D˚M and we
relate it to the Abbondandolo–Schwarz coproduct λF defined in [4].
In [4], Abbondandolo and Schwarz defined the ring isomorphism Ψ˚ :
SH˚pD
˚Mq
–
ÝÑ H˚Λ and they asserted [4, Theorem 1.4] that its re-
duction modulo constant loops Ψą0˚ : SH
ą0
˚ pD
˚Mq
–
ÝÑ H˚pΛ,Λ0q in-
tertwines the coproduct λF with the homology coproduct. Since no
proof of this result has appeared, we give a proof in this section. We
will actually give two proofs: the first one uses Theorem 4.1 and the
identification λcont “ λF , the second one uses a direct argument and
suitable interpolating moduli spaces.
This section is structured as follows. In §5.1 we recall from [16] the
definition of the varying weights coproduct λw, which coincides with
λcont [16, Lemma 7.2] and which can be more easily related to λF .
In §5.2 we recall from [4] the definition of the Abbondandolo–Schwarz
coproduct λF . In §5.3 we show that λF is equal to λw. In §5.4 we prove
directly that λF corresponds to the homology coproduct λ under the
isomorphism SHą0˚ pD
˚Mq – H˚pΛ,Λ0q.
The situation is summarized in the following diagram.
(15) λ
§5.4
Thm.4.1
λF
§5.3
λw
[16]
λcont.
Remark 5.1. The chain of equalities (15) proves Theorem 4.1 on pos-
itive action homology, and our first attempt at the full proof was by
extending this chain of equalities to reduced homology. While this
may be possible, we ultimately gave up on it and instead resorted to
the direct proof presented in §4.
The whole discussion concerns the free loop space, but it carries over
verbatim to the based loop space.
For simplicity, we assume throughout this section that M is oriented
and we use untwisted coefficients in a commutative ring R; the neces-
sary adjustments in the nonorientable case and with twisted coefficients
are explained in Appendix A. We denote
S1 :“ R{Z and Λ :“W 1,2pS1,Mq.
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5.1. Varying weights coproduct. We recall here the definition of
the varying weights coproduct λw on SHą0˚ pV q from [16, §7.1]. Since
there we actually describe the algebraically dual product on SHă0˚ pV, BV q,
we will recap in some detail the necessary notation and arguments. The
construction goes back to Seidel, see also [21]. We work with a Liou-
ville domain V of dimension 2n, the symplectic completion is denotedpV “ V Y r1,8q ˆ BV and the radial coordinate in the positive sym-
plectization r1,8qˆ BV is denoted r.
Let Σ be the genus zero Riemann surface with three punctures, one of
them labeled as positive χ` and the other two labeled as negative υ´,
ζ´, endowed with cylindrical ends r0,8qˆ S
1 at the positive puncture
and p´8, 0s ˆ S1 at the negative punctures. Denote ps, tq, t P S1 the
induced cylindrical coordinates at each of the punctures. Consider a
smooth family of 1-forms βτ P Ω
1pΣq, τ P p0, 1q satisfying the following
conditions:
‚ (nonpositive) dβτ ď 0;
‚ (weights) βτ “ dt near each of the punctures;
‚ (interpolation) we have βτ “ τdt on r´Rpτq, 0s ˆ S
1 in the
cylindrical end near υ´, and βτ “ p1´τqdt on r´Rp1´τq, 0sˆS
1 in
the cylindrical end near ζ´, for some smooth function R : p0, 1q Ñ
Rą0. In other words, the family tβτu interpolates between a 1-form
which varies a lot near υ´ and very little near ζ´, and a 1-form
which varies a lot near ζ´ and very little near υ´;
‚ (neck stretching) we have Rpτq Ñ `8 as τ Ñ 0.
We can assume without loss of generality that for τ close to 0 we have
βτ “ fτ psqdt in the cylindrical end at the negative puncture υ´, with
f 1τ ď 0, fτ “ 1 near ´8, and fτ “ τ on r´Rpτq, 0s, and similarly for τ
close to 1 in the cylindrical end at the negative puncture ζ´.
Let H : pV Ñ R be a convex smoothing localized near BV of a Hamil-
tonian which is zero on V and linear with respect to r with positive
slope on r1,8q ˆ BV . The Hamiltonian H further includes a small
time-dependent perturbation localized near BV , so that all 1-periodic
orbits are nondegenerate. Assume the slope is not equal to the period
of a closed Reeb orbit. Denote PpHq the set of 1-periodic orbits of H .
The elements of PpHq are contained in a compact set close to V .
Let J “ pJζτ q, ζ P Σ, τ P p0, 1q be a generic family of compatible
almost complex structures, independent of τ and s near the punctures,
cylindrical and independent of τ and ζ in the symplectization r1,8qˆ
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BV . For x, y, z P PpHq denote
M1px; y, zq :“
 
pτ, uq
ˇˇ
τ P p0, 1q, u : ΣÑ pV ,
pdu´XH b βτ q
0,1 “ 0,
lim
sÑ`8
ζ“ps,tqÑχ`
upζq “ xptq,
lim
sÑ´8
ζ“ps,tqÑυ´
upζq “ yptq, lim
sÑ´8
ζ“ps,tqÑζ´
upζq “ zptq
(
.
In the symplectization r1,8q ˆ BV we have H ě 0 and therefore
dpHβq ď 0, so that elements of the above moduli space are contained
in a compact set. The dimension of the moduli space is
dim M1px; y, zq “ CZpxq ´ CZpyq ´ CZpzq ´ n ` 1.
When it has dimension zero the moduli space M1dim“0px; y, zq is com-
pact. When it has dimension 1 the moduli spaceM1dim“1px; y, zq admits
a natural compactification into a manifold with boundary
BM1dim“1px; y, zq “
ž
CZpx1q“CZpxq´1
Mpx; x1q ˆM1dim“0px
1; y, zq
>
ž
CZpy1q“CZpyq`1
M1dim“0px; y
1, zq ˆMpy1; yq
>
ž
CZpz1q“CZpzq`1
M1dim“0px; y, z
1q ˆMpz1; zq
>M1τ“1px; y, zq >M
1
τ“0px; y, zq.
HereM1τ“1px; y, zq andM
1
τ“0px; y, zq denote the fibers of the first pro-
jection M1dim“1px; y, zq Ñ p0, 1q, pτ, uq ÞÑ τ near 1, respectively near
0. (By a standard gluing argument the projection is a trivial fibration
with finite fiber near the endpoints of the interval p0, 1q.)
Consider the degree ´n ` 1 operation
λw : FC˚pHq Ñ FC˚pHq b FC˚pHq
defined on generators by
λwpxq “
ÿ
CZpyq`CZpzq“CZpxq´n`1
#M1dim“0px; y, zqy b z,
where #M1dim“0px; y, zq denotes the signed count of elements in the
0-dimensional moduli space M1dim“0px; y, zq. Consider also the degree
´n operations
λwi : FC˚pHq Ñ FC˚pHq b FC˚pHq, i “ 0, 1
defined on generators by
λwi pxq “
ÿ
CZpyq`CZpzq“CZpxq´n
#M1τ“ipx; y, zqy b z,
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where #M1τ“ipx; y, zq denotes the signed count of elements in the 0-
dimensional moduli space M1τ“ipx; y, zq.
Denote by BF the Floer differential on the Floer complex of H . The
formula for BM1dim“1px; y, zq translates into the algebraic relation
(16) BFλw ` λwpBF b id` id b BF q “ λw1 ´ λ
w
0 .
We now claim that
Impλw0 q Ă FC
“0
˚ pHq b FC˚pHq, Impλ
w
1 q Ă FC˚pHq b FC
“0
˚ pHq.
To prove the claim for λw0 , note that this map can be expressed as a
composition pcbidq˝λ0, where λ0 : FC˚pHq Ñ FC˚pτHqbFC˚pHq is a
pair-of-pants coproduct with τ ą 0 small, and c : FC˚pτHq Ñ FC˚pHq
is a continuation map. Taking into account that τH has no nontrivial
1-periodic orbits for τ small, and because the action decreases along
continuation maps, we obtain cpFC˚pτHqq Ă FC
“0
˚ pHq, which proves
the claim. The argument for λw1 is similar.
It follows that λw induces a degree ´n ` 1 chain map
(17) λw : FCą0˚ pHq Ñ FC
ą0
˚ pHq b FC
ą0
˚ pHq.
Passing to the limit as the slope of H goes to `8 we obtain the degree
´n` 1 varying weights coproduct λw on SHą0˚ pV q.
Proposition 5.2 ([16, Lemma 7.2]). The continuation coproduct and
the varying weights coproduct coincide on SHą0˚ pV q:
λcont “ λw.

5.2. Abbondandolo–Schwarz coproduct. In this subsection we re-
call from [4] the definition of a secondary pair-of-pants product on
Floer homology of a cotangent bundle, which we will refer to as the
Abbondandolo–Schwarz coproduct λF . We recall the notation and con-
ventions from §3.1 and §3.6 regarding the Floer complex. In particular
near the zero section Hpq, pq “ ε|p|2 ` V pqq for a small ε ą 0 and a
Morse function V : M Ñ R such that all nonconstant critical points of
AH have action larger than min V .
For x, y, z P CritpAHq set (see Figure 16)
M1,F px; y, zq :“
 
pτ, u, v, wq
ˇˇ
τ P r0, 1s, u : r0,8q ˆ S1 Ñ T ˚M
v,w : p´8, 0s ˆ S1 Ñ T ˚M, BHu “ BHv “ BHw “ 0,
up`8, ¨q “ x, vp´8, ¨q “ y, wp´8, ¨q “ z,
vp0, tq “ up0, τ tq, wp0, tq “ up0, τ ` p1´ τqtq
(
.
Note that the matching conditions imply up0, τq “ up0, 0q.
LOOP COPRODUCT IN MORSE AND FLOER HOMOLOGY 55
w
τ u x
z
y v
Figure 16. The moduli spaces M1,F px; y, zq.
Lemma 5.3 ([4, §5]). For generic choices of Hamiltonian and almost
complex structure the spaceM1,F px; y, zq is a transversely cut out man-
ifold of dimension
dimM1,F px; y, zq “ CZpxq ´ CZpyq ´ CZpzq ´ n` 1.

The dimension of M1,F px; y, zq is calculated in [4] using an equivalent
description of the moduli space as follows. Define rv, rw : p´8, 0s ˆ
r0, 1s Ñ T ˚M by rvps, tq “ vps, tq and rwps, tq “ wps, tq, and also ry, rz :
r0, 1s Ñ T ˚M by ryptq “ yptq and rzptq “ zptq. Then there is a canonical
identification between elements of M1,F px; y, zq and elements of
ĂM1,F px; ry, rzq :“  pτ, u,rv, rwq ˇˇ τ P r0, 1s, u : r0,8q ˆ S1 Ñ T ˚Mrv, rw : p´8, 0s ˆ r0, 1s Ñ T ˚M,
BHu “ BHrv “ BH rw “ 0,
up`8, ¨q “ x, rvp´8, ¨q “ ry, rwp´8, ¨q “ rz,`rvps, 0q,Crvps, 1q˘ P N˚∆, ` rwps, 0q,Crwps, 1q˘ P N˚∆,rvp0, tq “ up0, τ tq, rwp0, tq “ up0, τ ` p1´ τqtq(.
Here C : T ˚M Ñ T ˚M is the antisymplectic involution pq, pq ÞÑ
pq,´pq, ∆ ĂMˆM is the diagonal, and N˚∆ Ă T ˚pMˆMq its conor-
mal bundle. The space ĂM1,F px; ry, rzq is a moduli space with jumping
Lagrangian boundary conditions as in [3], so for generic H and J it is a
transversely cut out manifold. Its dimension is given by the Fredholm
index of the linearized problem [4, (37)].
If M1,F px; y, zq has dimension zero it is compact and defines a map
λF : FC˚ Ñ pFC b FCq˚´n`1, x ÞÑ
ÿ
y,z
#M1,Fdim“0px; y, zq y b z.
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If it has dimension 1 it can be compactified to a compact 1-dimensional
manifold with boundary
BM1,Fdim“1px; y, zq “
ž
CZpx1q“CZpxq´1
Mpx; x1q ˆM1,Fdim“0px
1; y, zq
>
ž
CZpy1q“CZpyq`1
M1,Fdim“0px; y
1, zq ˆMpy1; yq
>
ž
CZpz1q“CZpzq`1
M1,Fdim“0px; y, z
1q ˆMpz1; zq
>M1,Fτ“1px; y, zq >M
1,F
τ“0px; y, zq.
Here the first three terms correspond to broken Floer cylinders and the
last two terms to the intersection ofM1,F px; y, zq with the sets tτ “ 1u
and tτ “ 0u, respectively. So we have
(18) pBF b id` id b BF qλF ` λF BF “ λF1 ´ λ
F
0 ,
where for i “ 0, 1 we set
λFi : FC˚ Ñ pFC b FCq˚´n, x ÞÑ
ÿ
y,z
#M1,Fτ“ipx; y, zq y b z.
Let us look more closely at the map λF1 . For τ “ 1 the matching con-
ditions inM1,F px; y, zq imply that wp0, tq “ up0, 0q is a constant loop.
For action reasons z must then be a critical point, so that ImpλF1 q Ă
FC˚pHqbFC
“0
˚ pHq. Similarly we have Impλ
F
0 q Ă FC
“0
˚ pHqbFC˚pHq,
and therefore λF descends to a chain map
(19) λF : FHą0˚ Ñ pFH
ą0 b FHą0q˚´n`1
with FCą0˚ “ FC˚pHq{FC
“0
˚ pHq. Note that we have FH
ą0
˚ pHq –
SHą0˚ pD
˚Mq for the quadratic Hamiltonians considered in this section.
5.3. Varying weights coproduct equals Abbondandolo–Schwarz
coproduct.
Proposition 5.4. Let M be a closed connected oriented manifold. The
secondary coproducts λw defined via (17) and λF defined via (19) agree
on SHą0˚ pD
˚Mq.
Proof. We assume without loss of generality that the Hamiltonian used
in the definition of the coproduct λF is the same as the one used in
the definition of the coproduct λw, i.e. a convex smoothing of a Hamil-
tonian which vanishes on D˚M and is linear with respect to the radial
coordinate r “ |p| outside of D˚M . The point of the proof is to ex-
hibit the Floer problem defining the moduli spaces M1,F px; y, zq for
λF as a limiting case of the Floer problem defining the moduli spaces
M1px; y, zq for λw.
Note first that for 0-dimensional moduli spacesM1,Fdim“0px; y, zq we can
restrict τ to p0, 1q. Given τ P p0, 1q a triple pu, v, wq as in the definition
LOOP COPRODUCT IN MORSE AND FLOER HOMOLOGY 57
of M1,F px; y, zq can be interpreted as a single map u˜ : Σ Ñ T ˚M
satisfying pdu˜´XH b βτ q
0,1 “ 0, where Σ is a Riemann surface and βτ
is a 1-form explicitly described as follows. The Riemann surface is
Σ “ Rˆ r´τ, 0s > Rˆ r0, 1´ τ s { „
with
ps,´τq „ ps, 1´ τq, ps, 0´q „ ps, 0`q for s ě 0,
ps,´τq „ ps, 0´q, ps, 0`q „ ps, 1´ τq for s ď 0.
(We use the notation ps, 0´q for points in R ˆ t0u Ă BpR ˆ r´τ, 0sq,
and ps, 0`q for points in Rˆ t0u Ă BpRˆ r0, 1´ τ sq.) This is a smooth
Riemann surface with canonical cylindrical ends r0,8q ˆ S1 at the
positive puncture and p´8, 0sˆR{τZ and p´8, 0sˆR{p1´ τqZ at the
negative punctures. See Figure 17.
p0, 0q
R{p1´ τqZ
R{ZR{τZ, τ P p0, 1q
Figure 17. A pair-of-pants Σ with large cylindrical ends.
A conformal parametrization of Σ near the point p0, 0q is induced from
the map CÑ C, z ÞÑ z2. 3 The Riemann surface Σ carries a canonical
smooth closed 1-form dt. 4 Upon identifying the cylindrical ends at the
negative punctures with p´8, 0s ˆ S1, this canonical 1-form becomes
equal to τdt, respectively p1´ τqdt at those punctures. The 1-form βτ
is defined to be the discontinuous 1-form equal to dt on the cylindrical
end r0,8qˆ S1 at the positive puncture, equal to 1
τ
dt on the cylindri-
cal end p´8, 0s ˆ R{τZ at the first negative puncture, and equal to
1
1´τ
dt on the cylindrical end p´8, 0s ˆ R{p1 ´ τqZ at the second neg-
ative puncture. Equivalently, upon normalizing the cylindrical ends at
3Consider the half-pair-of-pants Σ 1
2
“ R ˆ r´τ, 0s > R ˆ r0, 1 ´ τ s { „, where
ps, 0´q „ ps, 0`q for s ě 0. A conformal parametrization near p0, 0q is given by
the map z ÞÑ z2 defined in a neighborhood of 0 P tRe z ě 0u. This map actu-
ally establishes a global conformal equivalence between H “ tz P C : Re z ě
0, 2pRe zqpIm zq P r´τ, 1 ´ τ su and Σ 1
2
. The Riemann surface Σ admits a natural
presentation as the gluing of two copies of Σ 1
2
. Accordingly, it can be identified
to H Y ´H{ „ where the equivalence relation „ stands for suitable identifica-
tions of boundary components. The map z ÞÑ z2 defined in a neighborhood of
0 P H Y´H{ „ provides a conformal parametrization of Σ near the point p0, 0q.
4Read through the identification of Σ with H Y ´H{ „, this is 2dpxyq in a
neighborhood of 0.
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the negative punctures into p´8, 0s ˆ S1, the 1-form βτ is simply dt.
This discontinuous 1-form βτ can be interpreted as a limit of 1-forms
which are obtained by interpolating from τ dt and p1 ´ τqdt (near 0)
towards dt (near ´8) in the normalized cylindrical ends at the nega-
tive punctures, where the interpolation region shrinks and approaches
s “ 0. It was noted in §5.2 that the limit case defines a Fredholm
problem ĂM1,F px; ry, rzq with jumping Lagrangian boundary conditions.
The Fredholm problem before the limit is naturally phrased in terms
of the Riemann surface Σ without boundary, but it can be reinter-
preted as a problem with Lagrangian boundary conditions by cutting
Σ open along ts “ 0u. As such, it converges in the limit to the Fred-
holm problem with jumping Lagrangian boundary conditions described
above. By regularity and compactness, the two Fredholm problems are
equivalent near the limit, and the corresponding counts of elements in
0-dimensional moduli spaces are the same. 
5.4. Abbondandolo–Schwarz coproduct equals loop coproduct.
In order to distinguish them from the corresponding operations on the
Morse complex, we will decorate the operations BF , λF on the Floer
complex by an upper index F .
Recall the Hamiltonian H : S1ˆT ˚M Ñ R from §5.2 and its fibrewise
Legendre transform L : S1ˆTM Ñ R from §2.3. Also recall from §2.3
the notations concerning the Morse complex MC˚ of the action func-
tional SL which we will use freely. In particular, B denotes the Morse
boundary operator and rλ the coproduct from Remark 2.5.
We assume that M is oriented and we use the Morse complex twisted
by the local system σ obtained by transgressing the second Stiefel-
Whitney class.
Following [4], for x P CritpAHq and a P CritpSLq we define
Mpxq :“ tu : r0,8q ˆ S1 Ñ T ˚M | BHu “ 0,
up`8, ¨q “ x, up0, ¨q ĂMu
and
(20) Mpx; aq :“ tu PMpxq | up0, ¨q PW`paqu,
wherer W`paq is the stable manifold of a for the negative gradient flow
of SL. See Figure 6.
For generic H these are manifolds of dimensions
dimMpxq “ CZpxq, dimMpx; aq “ CZpxq ´ indpaq.
The signed count of 0-dimensional spacesMpx; aq defines a chain map
Ψ : FC˚ ÑMC˚, a ÞÑ
ÿ
indpaq“CZpaq
#Mpx; aq a.
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The induced map on homology is an isomorphism
Ψ˚ : FH˚
–
ÝÑMH˚ – H˚pΛ; σq
intertwining the pair-of-pants product with the loop product.
Proposition 5.5. The map Ψ descends to an isomorphism on homol-
ogy modulo the constant loops
Ψ˚ : FH
ą0
˚
–
ÝÑ MHą0˚ – H˚pΛ,Λ0; σq
which intertwines the Abbondandolo–Schwarz coproduct λF with the ho-
mology coproduct λ.
Proof. For x P CritpAHq and b, c P CritpSLq define
M`pxq :“
 
pσ, τ, u, v, wq
ˇˇ
σ P r0,8q, τ P r0, 1s,
u : rσ,8q ˆ S1 Ñ T ˚M, v, w : r0, σs ˆ S1 Ñ T ˚M,
BHu “ BHv “ BHw “ 0,
up`8, ¨q “ x, vp0, tq PM, wp0, tq P M,
vpσ, tq “ upσ, τtq, wpσ, tq “ upσ, τ ` p1´ τqtq
(
,
M`px; b, cq :“ tpσ, τ, u, v, wq PM`pxq |
vp0, ¨q PW`pbq, wp0, ¨q PW`pcqu,
M´px; b, cq :“
 
pσ, τ, u, α, β, γq
ˇˇ
σ P p´8, 0s, τ P r0, 1s, u PMpxq,
α “ φ´σpup0, ¨qq, β P W
`pbq, γ P W`pcq,
βptq “ αpτtq, γptq “ αpτ ` p1´ τqtq
(
,
where Mpxq was defined above and φs : Λ Ñ Λ for s ě 0 denotes
the flow of ´∇SL. Note that α, β, γ in the definition of M
´px; b, cq
are actually redundant and just included to make the definition more
transparent. As above it follows that for generic H these spaces are
transversely cut out manifolds of dimensions dimM`pxq “ CZpxq ´
n` 2 and
dimM`px; b, cq “ dimM´px; b, cq “ CZpxq ´ indpbq ´ indpcq ´ n ` 2.
We set
M2px; b, cq :“M`px; b, cq >M´px; b, cq.
If this space has dimension zero it is compact and defines a map
Θ : FC˚ Ñ pMC bMCq˚´n`2, x ÞÑ
ÿ
b,c
#M2dim“0px; b, cq bb c.
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If it has dimension 1 it can be compactified to a compact 1-dimensional
manifold with boundary
BM2dim“1px; b, cq “
ž
CZpx1q“CZpxq´1
Mpx; x1q ˆM2dim“0px
1; b, cq
>
ž
indpb1q“indpbq`1
M2dim“0px; b
1, cq ˆMpb1; bq
>
ž
indpc1q“indpcq`1
M2dim“0px; b, c
1q ˆMpc1; cq
>
ž
y,z
M1dim“0px; y, zq ˆMpy; bq ˆMpz; cq
>
ž
a
Mpx; aq ˆ ĂM1dim“0pa; b, cq
>M2τ“1px; b, cq >M
2
τ“0px; b, cq,
where ĂM1pa; b, cq are the moduli spaces in Remark 2.5 defining the
coproduct rλ with ft “ id. Here the first terms corresponds to splitting
off of Floer cylinders, the second and third ones to splitting off of Morse
gradient lines, the fourth one to σ “ `8, the fifth one to σ “ ´8,
and the last two terms to the intersection of M2px; b, cq with the sets
tτ “ 1u and tτ “ 0u, respectively. The intersections of M˘px; b, cq
with the set tσ “ 0u are equal with opposite orientations and thus
cancel out. So we have
(21) pB b id ` idb BqΘ`ΘBF “ pΨbΨqλF ´ rλΨ`Θ1 ´Θ0,
where for i “ 0, 1 we set
Θi : FC˚ Ñ pMC bMCq˚´n`1, x ÞÑ
ÿ
b,c
#M2τ“ipx; b, cq bb c.
Arguing as in the previous subsection, we see that the Θ0 has image
in MC“0˚ bMC˚, and Θ1 has image in MC˚ bMC
“0
˚ . Together with
equation (21) this shows that Θ descends to a map
Θ : FCą0˚ Ñ pMC
ą0 bMCą0q˚´n`2
between the positive chain complexes which is a chain homotopy be-
tween pΨbΨqλF and rλΨ, which concludes the proof. 
Appendix A. Local systems
We describe in this section the loop product and the homology coprod-
uct with general twisted coefficients. This allows us in particular to dis-
pose of the usual orientability assumption for the underlying manifold.
To the best of our knowledge, the Chas-Sullivan product on loop space
homology was constructed for the first time on non-orientable manifolds
by Laudenbach [27], and the BV algebra structure by Abouzaid [6]. In
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this appendix we extend the definitions to more general local systems,
we take into account the coproduct, and we discuss the adaptations
to reduced homology and cohomology groups H˚Λ and H
˚
Λ. We also
discuss the formulation and properties of the isomorphism between
symplectic homology and loop homology with twisted coefficients.
A.1. Conventions. We use the following conventions from [6, §9.7].
Given a finite dimensional real vector space V , its determinant line
is the 1-dimensional real vector space det V “ ΛmaxV . We view it as
being a Z-graded real vector space supported in degree dimR V . To any
1-dimensional graded real vector space L we associate an orientation
line |L|, which is the rank 1 graded free abelian group generated by
the two possible orientations of L, modulo the relation that their sum
vanishes. The orientation line |L| is by definition supported in the same
degree as L. When L “ det V we denote its orientation line |V |.
Given a Z-graded line ℓ (rank 1 free abelian group), its dual line ℓ´1 “
HomZpℓ,Zq is by definition supported in opposite degree as ℓ. There is
a canonical isomorphism ℓ´1 b ℓ – Z induced by evaluation.
Given a Z-graded object F , we denote F rks the Z-graded object ob-
tained by shifting the degree down by k P Z, i.e. F rksn “ Fn`k. For
example, the shifted orientation line |V |rdim V s is supported in degree
0. A linear map f : E Ñ F between Z-graded vector spaces or free
abelian groups has degree d if fpEnq Ă Fn`d for all n. In an equiva-
lent formulation, the induced map f rds : E Ñ F rds has degree 0. For
example, the dual of a vector space or free abelian group supported
in degree k is supported in degree ´k. This is compatible with the
grading convention for duals of Z-graded orientation lines. Given a
Z-graded rank 1 free abelian group ℓ, we denote ℓ the same abelian
group with degree set to 0. For example |V | “ |V |rdim V s.
Given two oriented real vector spaces U and W , we induce an orienta-
tion on their direct sum U‘W by defining a positive basis to consist of
a positive basis for U followed by a positive basis for W . This defines
a canonical isomorphism at the level of orientation lines
|U | b |W | – |U ‘W |.
Given an exact sequence of vector spaces
0Ñ U Ñ V ÑW Ñ 0
we induce an orientation on V out of orientations of U and W by
defining a positive basis to consist of a positive basis for U followed by
the lift of a positive basis for W . This defines a canonical isomorphism
|U | b |W | – |V |.
The following example will play a key role in the sequel.
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Example A.1 (normal bundle to the diagonal). Let M be a manifold
of dimension n. Consider the diagonal ∆ Ă M ˆM and denote ν∆
its normal bundle. Let p1,2 : M ˆM Ñ M be the projections on the
two factors, so that we have a canonical isomorphism T pM ˆMq –
p˚1TM‘p
˚
2TM . When restricted to ∆ the projections coincide with the
canonical diffeomorphism p : ∆
»
ÝÑ M . We obtain an exact sequence
of bundles
0Ñ T∆Ñ p˚TM ‘ p˚TM Ñ ν∆Ñ 0.
This gives rise to a canonical isomorphism |∆|b |ν∆| – p˚|M |bp˚|M |
and, because p˚|M |bp˚|M | is canonically trivial, we obtain a canonical
isomorphism
|∆| – |ν∆|.
Explicitly, this isomorphism associates to the equivalence class of a
basis ppv1, v1q, . . . , pvn, vnqq, vi P TqM of Tpq,qq∆ the equivalence class
of the basis prp0, v1qs, . . . , rp0, vnqsq of νpq,qq∆.
A.2. Homology with local systems. By local system we mean a lo-
cal system of Z-graded rank 1 free Z-modules. On each path-connected
component of the underlying space we think of such a local system in
one of the following three equivalent ways: either as the data of the
parallel transport representation of the fundamental groupoid, or as the
data of the monodromy representation from the fundamental group π
to the multiplicative group t˘1u together with the data of an integer
(the degree), or as the data of a Z-graded Zrπs-module which is free
and of rank 1 as a Z-module. Isomorphism classes of local systems on
a path connected space X are thus in bijective correspondence with
H1pX ;Z{2q ˆ Z, where the first factor corresponds to the monodromy
representation and the second factor to the grading. Here and in the se-
quel we identify the multiplicative group t˘1u with the additive group
Z{2. We refer to [7] for a comprehensive discussion with emphasis on
local systems on free loop spaces. One other point of view on local
systems describes these as locally constant sheaves [25], but we will
only marginally touch upon it in §A.3.
Given a local system ν, we can change the coefficients to any commu-
tative ring R by considering νR “ ν bZ R. The monodromy of such a
local system still takes values in t˘1u, and this property characterizes
local systems of rank 1 free R-modules spaces which are obtained from
local systems of rank 1 free Z-modules by tensoring with R.
Let X be a path connected space admitting a universal cover X˜. De-
note its fundamental group at some fixed basepoint π “ π1pXq. Inter-
preting a local system ν on X as a Zrπs-module, one defines singular
homology/cohomology with coefficients in ν in terms of singular chains
on X˜ as
H˚pX ; νq “ H˚pC˚pX˜ ;Zq bZrπs νq,
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H˚pX ; νq “ H˚pHomZrπspC˚pX˜ ;Zq, νqq.
The homology/cohomology with local coefficients extended to a com-
mutative ring R are the R-modules
H˚pX ; νRq “ H˚pC˚pX˜ ;Zq bZrπs νRq,
H˚pX ; νRq “ H˚
`
HomZrπspC˚pX˜ ;Zq, νRq
˘
.
In our grading convention the cohomology with constant coefficients
is supported in nonpositive degrees and equals the usual cohomology
in the opposite degree. The induced differential on the dual group
HomZrπspC˚pX˜ ;Zq, νRq has degree ´1.
The tensor product ν1bν2 of two local systems is again a local system.
Its Zrπs-module structure is the diagonal one and its degree is the sum
of the degrees of the factors. Note that viewing ν1, ν2 as elements in
H1pX ;Z{2qˆZ, their tensor product is given by their sum ν1`ν2. Oper-
ations like cap or cup product naturally land in homology/cohomology
with coefficients in the tensor product of the coefficients of the factors.
Homology/cohomology with local coefficients behave functorially in the
following sense. Given a continuous map f : X Ñ Y and a local system
ν on Y described as a Zrπ1pY qs-module, the pullback local system f
˚ν
on X is defined by inducing a Zrπ1pXqs-module structure via f˚. We
then have canonical maps
f˚ : H˚pX ; f
˚νq Ñ H˚pY ; νq, f
˚ : H˚pY ; νq Ñ H˚pX ; f˚νq.
The algebraic duality isomorphism with coefficients in a field K takes
the form
H´kpX ; ν´1
K
q
–
ÝÑ HkpX ; νKq
_, k P Z.
The map is induced by the canonical evaluation of cochains on chains.
We check that degrees fit in the case of graded local systems: given a
local system νK of degree d, and recalling our notation νK “ νKrds and
ν´1
K
“ ν´1
K
r´ds, we have
HkpX ; νKq “ Hk´dpX ; νKq, H
´kpX ; ν´1
K
q “ H´k`dpX ; ν´1
K
q,
so HkpX ; νKq
_ and H´kpX ; ν´1
K
q both live in degree d´ k.
A.3. Poincare´ duality. Consider a manifold M of dimension n. We
denote by |M | the local system on M whose fiber at any point q P M
is the orientation line |TqM |, supported by definition in degree n. We
refer to |M | as the orientation local system of M . The monodromy
along a loop γ is `1 if the loop preserves the orientation (i.e., the
pullback bundle γ˚TM is orientable), and ´1 if the loop reverses it.
If the manifold is orientable the local system |M | is trivial. A choice
of orientation is equivalent to the choice of one of the two possible
isomorphisms |M | » Z. The local system |M | bZ{2 is trivial, and this
reflects the fact that any manifold is Z{2-orientable.
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Suppose now that M is closed. Then it carries a fundamental class
rMs P HnpM ; |M |q “ H0pM ; |M |
´1q.
For any local system ν onM , the cap product with a fundamental class
defines a Poincare´ duality isomorphism
H˚pM ; νq
–
ÝÑ H˚pM ; ν b |M |
´1q, α ÞÑ rMs X α.
Remark A.2. Here is a description of the fundamental class using
the interpretation of local systems as locally constant sheaves [25,
§2.2.3] (other descriptions can be found in [23], Lemma 3.27 and Ex-
ample 3H.3). Let M 1
p
Ñ M be the orientation double cover. Given
the constant local system Z on M 1, the pushforward p˚Z to M has
rank 2 and can be decomposed as |M | ‘ Z (the map Z ‘ Z Ñ Z ‘ Z,
px, yq ÞÑ py, xq fixes the diagonal and acts by ´Id on the anti-diagonal).
The compositionH˚pM
1;Zq
p˚Ñ H˚pM ; p˚Zq
»
Ñ H˚pM ; |M |q‘H˚pM ;Zq
is an isomorphism because p˚ is an isomorphism. Since HnpM ;Zq “ 0 if
M is nonorientable, we obtain that HnpM ; |M |q has rank 1. A genera-
tor is the image of a generator in HnpM
1;Zq via the above composition.
A.4. Thom isomorphism and Gysin sequence. Let E
p
ÝÑ X be
a real vector bundle of rank r, and denote 9E the complement of the
zero section. Let |E| be the local system on X whose fiber at a point
x P X is by definition the orientation line |Ex| of the fiber of E at x.
The local system |E| is called the orientation local system of E and is
supported in degree r. The Thom class is a generator
τ P H´rpE, 9E; p˚|E|q “ H0pE, 9E; p˚|E|q.
The Thom isomorphism takes the form
HkpE, 9Eq
»
ÝÑ Hk´rpX ; |E|q “ HkpX ; |E|q, k P Z
(cap product with τ), respectively
HkpX ; |E|´1q “ Hk`rpX ; |E|´1q
»
ÝÑ HkpE, 9Eq, k P Z
(cup product with τ). More generally, for any local system ν on X we
have isomorphisms
HkpE, 9E; p
˚νq
»
ÝÑ Hk´rpX ; ν b |E|q “ HkpX ; ν b |E|q,
HkpX ; ν b |E|´1q “ Hk`rpX ; ν b |E|´1q
»
ÝÑ HkpE, 9E; p˚νq.
Pulling back the Thom class under the inclusion i : X Ñ E of the zero
section yields the Euler class
e “ i˚τ P H´rpX ; |E|q “ H0pX ; |E|q.
Denote by S Ă 9E the sphere bundle with projection π “ p|S : S Ñ X .
Then the long exact sequence of the pair pE, 9Eq fits into the commuting
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diagram
¨ ¨ ¨HkpE, 9Eq // HkpEq
i˚ –

// Hkp 9Eq // Hk´1pE; 9Eq ¨ ¨ ¨
¨ ¨ ¨HkpX ; |E|´1q
Yτ –
OO
Ye // HkpXq
π˚ // HkpSq
π˚ // Hk´1pX ; |E|´1q ¨ ¨ ¨
Yτ –
OO
where the lower sequence is the Gysin sequence. More generally, for
each local system ν on X we get a Gysin sequence
¨ ¨ ¨ HkpX ; ν b |E|´1q
Ye
ÝÑ HkpX ; νq
π˚
ÝÑ HkpS; π˚νq
π˚ÝÑ Hk´1pX ; ν b |E|´1q ¨ ¨ ¨
A.5. Spaces of loops with self-intersection. Let M be a manifold
of dimension n, Λ “ ΛM its space of free loops of Sobolev class W 1,2,
and evs : ΛÑ M the evaluation of loops at time s. We define
F “ tpγ, δq P Λˆ Λ | γp0q “ δp0qu Ă Λˆ Λ
(pairs of loops with the same basepoint), and
Fs “ tγ P Λ | γpsq “ γp0qu Ă Λ, s P p0, 1q
(loops with a self-intersection at time s). Denoting f : ΛˆΛÑMˆM ,
f “ ev0ˆev0 and fs : ΛÑ MˆM , fs “ pev0, evsq, we can equivalently
write
F “ f´1p∆q, Fs “ f
´1
s p∆q.
The maps f and fs are smooth and transverse to the diagonal ∆, so
that F and Fs are Hilbert submanifolds of codimension n. Denoting
νF and νFs their normal bundles we obtain canonical isomorphisms
νF – f˚ν∆, νFs – f
˚
s ν∆.
In view of Example A.1 we infer canonical isomorphisms
(22) |νF | – f˚|∆| – ev˚0 |M |, |νFs| – f
˚
s |∆| – ev
˚
0 |M |,
where, in the first formula, ev0 : F Ñ M is the evaluation of pairs of
loops at their common origin.
Denote i : F ãÑ Λ ˆ Λ and is : Fs ãÑ Λ the inclusions. Recall the
restriction maps (4). Define the cutting map at time s
cs : Fs Ñ F , cspγq “ pγ|r0,ss, γ|rs,1sq
and the concatenation map at time s
gs : F Ñ Fs, gspγ1, γ2qptq “
"
γ1p
t
s
q, t P r0, ss,
γ2p
t´s
1´s
q, t P rs, 1s.
The maps cs and gs are smooth diffeomorphisms inverse to each other.
The situation is summarized in the diagram
Λˆ Λ F
i
oo
gs
„
// Fs
cs
oo is
// Λ.
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Lemma A.3. Let ν be a local system (of rank 1 free abelian groups)
on Λ supported in degree 0. Denote p1,2 : Λ ˆ Λ Ñ Λ the projections
on the two factors. The following two conditions are equivalent:
(23) c˚s pp
˚
1ν b p
˚
2νq|F » ν|Fs ,
and
(24) pp˚1ν b p
˚
2νq|F » g
˚
s pν|Fsq.
Proof. The first condition is c˚s i
˚pp˚1ν b p
˚
2νq » i
˚
sν. Since gs is a home-
omorphism, this is equivalent to
g˚s c
˚
s i
˚pp˚1ν b p
˚
2νq » g
˚
s i
˚
sν.
In view of csgs “ IdFs, this is the same as the second condition. 
Definition A.4. A degree 0 local system ν on Λ is compatible with
products if it satisfies the equivalent conditions of Lemma A.3.
A local system ν which is compatible with products must necessarily
have degree 0 (and rank 1). Also, ν|M must be trivial: restricting both
sides of (23) or (24) to the constant loops yields ν|M b ν|M » ν|M .
Remark A.5. Local systems which are compatible with products play
a key role in the sequel definition of the loop product and loop co-
product with local coefficients. Condition (23) is the one that ensures
the coproduct is defined with coefficients twisted by ν, whereas condi-
tion (24) is the one that ensures the product is defined with coefficients
twisted by ν. That the two conditions are equivalent can be seen as
yet another instance of Poincare´ duality for free loops.
We refer to Remark A.11 for an additional condition on the isomor-
phisms (24) which is needed for the associativity of the product and
coassociativity of the coproduct.
Example A.6 (Transgressive local systems). Let Λ “ \αΛαM be the
decomposition of the free loop space into connected components, indexed
by conjugacy classes α in the fundamental group. We view loops γ :
S1 Ñ Λ as maps γ ˆ S1 : S1 ˆ S1 Ñ M , pu, tq ÞÑ γpuqptq. This
induces a map π1pΛαMq Ñ H1pΛαM ;Zq Ñ H2pM ;Zq, rγs ÞÑ rγ ˆ
S1s. Dually, and specializing to Z{2-coefficients, any cohomology class
c P H2pM ;Z{2q determines a cohomology class τc P H
1pΛ;Z{2q “ś
αHompπ1pΛαMq;Z{2q via
xτc, rγsy “ xc, rγ ˆ S
1sy.
We denote the corresponding local system on Λ also by τc. Degree 0
local systems obtained in this way are called transgressive [6].
Transgressive local systems are compatible with products. Indeed, the
identity (24) is a direct consequence of the equality rgspγ1, γ2q ˆ S
1s “
rγ1ˆS
1s`rγ2ˆS
1s, which holds in H2pM ;Zq for all pγ1, γ2q : S
1 Ñ F .
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The transgressive local system
(25) σ “ τw2
defined by the second Stiefel-Whitney class w2 P H
2pM ;Z{2q will play
a special role in the sequel.
Example A.7. Following Abouzaid [6], define for each loop γ P Λ the
shift
wpγq “
"
0, if γ preserves the orientation,
´1, if γ reverses the orientation.
Define the local system
(26) o˜ “ ev˚0 |M |
´w
to be trivial on the components where γ preserves the orientation, and
equal to ev˚0 |M | on components where γ reverses the orientation.
The local system o˜ is compatible with products: the equality wpγ1q `
wpγ2q “ wpgspγ1, γ2qq which holds in Z{2 for all pγ1, γ2q P F . Note that
the local system o˜ is not transgressive and, in case M is nonorientable,
it is nontrivial on all connected components ΛαM whose elements re-
verse orientation.
Question A.8. Characterize in cohomological terms the local systems
on Λ which are compatible with products. For example, it follows
from [7, Lemma 1] that, on a simply connected manifold, a local sys-
tem ν is compatible with products if and only if ν|M is trivial. A mild
generalization is given by [7, Proposition 10].
A.6. Loop product with local coefficients. Following [22], we view
the loop product as being defined by going from left to right in the
diagram
Λˆ ΛÐâ F
g
ÝÑ Λ,
where g “ isgs for some fixed s P p0, 1q. More precisely, the loop product
with integer coefficients is defined as the composition
HipΛ;Zq bHjpΛ;Zq
ǫˆ // Hi`jpΛˆ Λ;Zq // Hi`jpνF , 9νF ;Zq
» // Hi`jpF ; ev
˚
0 |M |q
g˚ // Hi`jpΛ; ev
˚
0 |M |q.
The first map is the homology cross-product corrected by a sign ǫ “
p´1qnpi`nq ([24, Appendix B]), the second map is the composition of
the map induced by inclusion ΛˆΛ ãÑ pΛˆΛ,ΛˆΛzFq with excision
and the tubular neighbourhood isomorphism, and the third map is the
Thom isomorphism. In case M is not orientable the loop product does
not land in homology with integer coefficients and thus fails to define
an algebra structure on H˚pΛ;Zq. This can be corrected by using at
the source homology with local coefficients.
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Definition A.9. Define on Λ the local system
µ :“ ev˚0 |M |
´1.
The archetypal loop product is the bilinear map
‚ : HipΛ;µq bHjpΛ;µq Ñ Hi`jpΛ;µq
defined as the composition
HipΛ;µq bHjpΛ;µq
ǫˆ // Hi`jpΛˆ Λ; p
˚
1µb p
˚
2µq //
Hi`jpνF , 9νF ; p
˚
1µb p
˚
2µ|νFq
» // Hi`jpF ; pp
˚
1µb p
˚
2µq|F b ev
˚
0 |M |q
g˚ // Hi`jpΛ;µq.
The description of the maps is the same as above, with ǫ “ p´1qni
because of the shift HipΛ;µq “ Hi`npΛ;µq. However, one still needs to
check that the local systems of coefficients are indeed as written. For
the first, second and third map the behavior of the coefficients follows
general patterns. For the last map we use that
pp˚1µb p
˚
2µq|F b ev
˚
0 |M | » g
˚µ,
which is true for our specific µ “ ev˚0 |M |
´1.
The archetypal loop product is associative, graded commutative, and
it has a unit represented by the fundamental class
rMs P H0pM ; |M |
´1q “ HnpM ; |M |q
from §A.3. With our grading conventions, the archetypal loop product
has degree 0 and the local system µ is supported in degree ´n. In the
case where M is oriented we recover the usual loop product.
More generally, the loop product can be defined with further twisted
coefficients.
Definition A.10. Let ν be a degree 0 local system (of rank 1 free Z-
modules) on Λ which is compatible with products. The loop product
with coefficients twisted by ν is the bilinear map
‚ : HipΛ; ν b µq bHjpΛ; ν b µq Ñ Hi`jpΛ; ν b µq
(with µ “ ev˚0 |M |
´1 as above) defined as the composition
HipΛ; ν b µq bHjpΛ; ν b µq
ǫˆ // Hi`jpΛˆ Λ; pp
˚
1ν b p
˚
2νq b pp
˚
1µb p
˚
2µqq
// Hi`jpνF , 9νF ; pp
˚
1ν b p
˚
2νq b pp
˚
1µb p
˚
2µq|νFq
» // Hi`jpF ; pp
˚
1ν b p
˚
2νq b pp
˚
1µb p
˚
2µq|F b ev
˚
0 |M |q
g˚ // Hi`jpΛ; ν b µq.
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As before, we have ǫ “ ni. For the last map we use the isomorphism
pp˚1µbp
˚
2µq|Fbev
˚
0 |M | » g
˚µ, and the isomorphism pp˚1νbp
˚
2νq|F » g
˚ν
which expresses the compatibility with products for ν.
The loop product with twisted coefficients is graded commutative and
unital. Recalling that the compatibility with products for ν forces its
restriction to M to be trivial, the unit is again represented by the
fundamental class
rMs P H0pM ; ν|M b |M |
´1q “ H0pM ; |M |
´1q “ HnpM ; |M |q.
Remark A.11. Associativity of the loop product with twisted coeffi-
cients depends on the following associativity condition on the isomor-
phisms (23) and (24). Given s, s1 P p0, 1q denote s2 “ ps1´ss1q{p1´ss1q,
so that gs1 ˝ pgsˆ idq “ gss1 ˝ pidˆ gs2q. Denoting Φs : pp
˚
1ν b p
˚
2νq|F
»
Ñ
g˚sν|Fs the isomorphism from (24), we require the associativity condi-
tion
Φss1 ˝ pId b Φs2q “ Φs1 ˝ pΦs b Idq.
This holds for the transgressive local systems from Example A.6 and
for the local system in Example A.7.
Also, because (23) and (24) are equivalent, this condition on (24) will
guarantee co-associativity of the coproduct, see below.
A.7. Homology coproduct with coefficients. Again following [22],
we view the primary coproduct on loop homology as being defined by
going from left to right in the diagram
ΛÐâ Fs
csÝÑ Λˆ Λ
for some fixed s P p0, 1q, where cs stands for ics in the notation of §A.5.
We restrict in this section to coefficients in a field K and all local sys-
tems are accordingly understood in this category. The reason for this
restriction is explained below. The primary coproduct with constant
coefficients is defined as the composition
HkpΛ;Kq // HkpνFs, 9νFs;Kq HkpFs; ev
˚
0 |M |q
»oo
cs˚ // HkpΛˆ Λ; p
˚
1ev
˚
0 |M |q
AW //
À
i`j“kHipΛ; ev
˚
0 |M |q bHjpΛ;Kq.
The first map is the composition of the map induced by inclusion
Λ Ñ pΛ,ΛzFsq with the excision isomorphism towards the homology
rel boundary of a tubular neighbourhood of Fs. The second map is
the Thom isomorphism. For the third map we use that c˚sp
˚
1ev
˚
0 “ ev
˚
0 .
The fourth map is the Alexander-Whitney diagonal map followed by
the Ku¨nneth isomorphism.5 As for the loop product, we see that if
5The Alexander-Whitney diagonal map [20, VI.12.26] takes values in
H˚pC˚pΛ; ev
˚
0
|M |q b C˚pΛqq with arbitrary coefficients. In order to further land
in H˚pΛ; ev
˚
0
|M |q bH˚pΛq we need to restrict to field coefficients so the Ku¨nneth
isomorphism holds.
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M is nonorientable the primary coproduct fails to define a coalgebra
structure on H˚pΛ;Kq. This is corrected by using homology with local
coefficients as follows.
Definition A.12. Define on Λ the local system
o :“ ev˚0 |M | “ µ
´1.
The archetypal primary coproduct is the bilinear map
_s : HkpΛ; oq Ñ
à
i`j“k
HipΛ; oq bHjpΛ; oq
(for some fixed s P r0, 1s) defined as the composition
HkpΛ; oq // HkpνFs, 9νFs; o|νFsq HkpFs; ob ev
˚
0 |M |q
»oo
cs˚ // HkpΛˆ Λ; p
˚
1ob p
˚
2oq
AW //
À
i`j“kHipΛ; oq bHjpΛ; oq.
With our grading conventions this coproduct has degree 0. Taking into
account that o “ ev˚0 |M | is supported in degree n, this results in the
coproduct having the usual degree ´n in ungraded notation. In the
orientable case it recovers the usual primary coproduct.
Just like the product, the primary coproduct can be defined with fur-
ther twisted coefficients.
Definition A.13. Let ν be a degree 0 local system (of rank one K-
vector spaces) on Λ which is compatible with products. The primary
coproduct with twisted coefficients is the bilinear map
_s : HkpΛ; ν b oq Ñ
à
i`j“k
HipΛ; ν b oq bHjpΛ; ν b oq
(with o “ ev˚0 |M | as above and some fixed s P r0, 1s) defined as the
composition
HkpΛ; ν b oq // HkpνFs, 9νFs; ν b o|νFsq HkpFs; ν b o
b2q
»oo
cs˚ // HkpΛˆ Λ; p
˚
1pν b oq b p
˚
2pν b oqq
AW //
À
i`j“kHipΛ; ν b oq bHjpΛ; ν b oq.
In the definition we use c˚s pp
˚
1o b p
˚
2oq » o b o, and the condition
c˚spp
˚
1νbp
˚
2νq » ν|Fs which is part of the condition of being compatible
with products for ν.
The arguments of Goresky-Hingston [22, §8] which show that, in the
orientable case, there is a secondary coproduct of degree ´n`1 defined
on relative homology H˚pΛ,Λ0;Kq, apply verbatim in the current setup
involving local coefficients. As an outcome, we obtain the following.
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Definition-Proposition A.14. For any degree 0 local system ν of
rank one K-vector spaces on Λ which is compatible with products, there
is a well-defined (secondary) homology coproduct with twisted coeffi-
cients (abbreviate o “ ev˚0 |M |)
_ : HkpΛ,Λ0; ν b oq Ñ
à
i`j“k`1
HipΛ,Λ0; ν b oq bHjpΛ,Λ0; ν b oq.

As explained in [24], in order for this secondary coproduct to be coasso-
ciative in the case of a constant local system ν we need to correct the ij-
component of the secondary product induced by the previously defined
primary product by a sign ǫ “ p´1qpn´1qpj´nq (see [24, Definition 1.7]
and note the shift in grading HjpΛ,Λ0; ν b oq “ Hj´npΛ,Λ0; ν b oq).
With this correction the coproduct with constant ν is also graded co-
commutative if gradings are shifted so that it has degree 0. However,
it has no counit (this would contradict the infinite dimensionality of
the homology of Λ).
In the case of coefficients twisted by a local system ν which is non-
constant, coassociativity further requires that the isomorphisms Φs ex-
pressing compatibility with products for ν satisfy the condition from
Remark A.11. The coproduct is then also co-commutative.
One obtains dually a cohomology product [22, 24]. Note that, in con-
trast to the homology coproduct, the dual cohomology product is de-
fined with arbitrary coefficients because its definition does not require
the Ku¨nneth isomorphism.
Definition-Proposition A.15. For any degree 0 local system ν of
rank 1 free abelian groups on Λ which is compatible with products, there
is a well-defined cohomology product with twisted coefficients (abbre-
viate µ “ ev˚0 |M |
´1)
⊛ : H ipΛ,Λ0; ν b µq bH
jpΛ,Λ0; ν b µq Ñ H
i`j´1pΛ,Λ0; ν b µq.

The cohomology product with twisted coefficients is associative. It is
also graded commutative when viewing it as a degree 0 product on
H˚´1pΛ,Λ0; ν b µq.
A.8. Loop product and coproduct on H˚Λ. Recall the previous
notation o “ ev˚0 |M | “ µ
´1, and let ν be a local system compatible
with products. The arguments of §2.3 carry over verbatim to give a
description of the homology product and homology coproduct in Morse
homology with local coefficients in ν b µ, respectively ν b o. For a
definition of Morse homology with local coefficients we refer to [6, §11.3]
or [29, §7.2].
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The reduced groups MH˚ and MH
˚
are defined with local coefficients
as follows. Recall that ν|M is trivial. We consider the map ε given as
the composition
H˚pΛ; ν b µq
ε //

H˚pΛ; ν b µq
H0pM ;µq
ε0
// H0pM ;µq
OO
where the vertical maps are restriction to, respectively inclusion of
constant loops, and ε0 is induced by multiplication with the Euler
characteristic. We then define
MH
˚
pΛ; ν b µq “ ker ε, MH˚pΛ; ν b µq “ coker ε.
Thus MH˚pΛ; ν b µq “ MH˚´npΛ; ν b µq and MH˚pΛ; ν b oq “
MH˚`npΛ; ν b µq.
The arguments of §2.3 carry over verbatim in order to show that the
loop product descends to MH˚pΛ; ν bµq and the homology coproduct
extends to MH˚pΛ; νb oq (in the latter case we use field coefficients as
in §A.7). Interpreted dually as a product on cohomology, this is defined
with arbitrary coefficients on MH
˚
pΛ; ν b µq. With our grading con-
ventions, the degrees are 0 for the loop product, `1 for the homology
coproduct, and ´1 for the cohomology product.
A.9. Isomorphism between symplectic homology and loop ho-
mology. We spell out in this section the isomorphism between the
symplectic homology of the cotangent bundle and the homology of the
free loop space with twisted coefficients.
For the next definition, recall the local systems
σ “ τw2, o˜ “ ev
˚
0 |M |
´w
from (25) and (26), as well as the orientation local systems
µ “ ev˚0 |M |
´1 “ o´1.
Definition A.16 (Abouzaid [6]). The fundamental local system for
symplectic homology of the cotangent bundle is the local system on Λ
given by
η “ σ b µb o˜.
The fundamental local system η is supported in degree ´n. Our previ-
ous discussion shows that the loop product is defined and has degree 0
on H˚pΛ; ηq, and the homology coproduct is defined and has degree `1
on H˚pΛ,Λ0; η
´1q. We can view the loop product as being defined on
H˚pΛ; ηq, where it has degree ´n, and the homology coproduct as be-
ing defined (with field coefficients) on H˚pΛ,Λ0; ηq, where it has degree
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1 ´ n. This point of view is useful when considering H˚pΛ; ηq, their
natural common space of definition (to which the product descends and
the coproduct extends).
As proved in [5, 6], the chain map Ψ “ Ψquadratic discussed in §3.3
associated to a quadratic Hamiltonian acts as
Ψ : FC˚pHq ÑMC˚pSL; ηq
and induces an isomorphism SH˚pD
˚Mq
»
ÝÑ H˚pΛ; ηq. Given any local
system ν, the same map acts as Ψ : FC˚pH ; νq ÑMC˚pSL; ν b ηq and
induces an isomorphism SH˚pD
˚M ; νq
»
ÝÑ H˚pΛ; ν b ηq.
Our filtered chain map Ψ “ Ψlinear from §3.5 associated to a linear
Hamiltonian is a chain isomorphism FC˚pHq
»
ÝÑ MCďµ˚ pE1{2; ηq, with
µ the slope of the Hamiltonian. Given any local system ν, we obtain a
filtered chain isomorphism FC˚pH ; νq
»
ÝÑMCďµ˚ pE1{2; ν b ηq.
In case the local system ν is compatible with products, the arguments
of [1, 3, 6] adapt in order to show that the map Ψ intertwines the pair-
of-pants product on the symplectic homology side with the homology
product on the Morse side. The arguments of Theorem 4.1 adapt in
order to show that the map Ψ descends on reduced homology, where it
intertwines the continuation coproduct with the homology coproduct
(with field coefficients).
To summarize:
Theorem A.17 ([1, 3, 5, 6], Theorem 3.3, Corollary 3.4, Theorem 4.1).
Given any local system ν compatible with products, the filtered chain
level map Ψ induces filtered isomorphisms
Ψ˚ : SH˚pD
˚M ; νq
»
ÝÑ H˚pΛ; ν b ηq,
Ψą0˚ : SH
ą0
˚ pD
˚M ; νq
»
ÝÑ H˚pΛ,Λ0; ν b ηq,
and
Ψ˚ : SH˚pD
˚M ; νq
»
ÝÑ H˚pΛ; ν b ηq.
Moreover:
– Ψ˚ intertwines the pair-of-pants product with the Chas–Sullivan loop
product,
– Ψą0˚ intertwines the continuation coproduct with the loop coproduct
(with field coefficients),
– Ψ˚ intertwines both the pair-of-pants product and the continuation
coproduct with the loop product and coproduct on reduced homology
(with field coefficients for the coproduct). 
Interpreting the coproduct on homology as a product in cohomology, we
obtain the following dual statement: The algebraic dual of the filtered
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chain map Ψ induces a filtered isomorphism
Ψ
˚
: H
˚
pΛ; ν b ηq
»
ÝÑ SH
˚
pD˚M ; νq
which intertwines the cohomology product on the Morse side with the
continuation product on the symplectic cohomology side.
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